STRONG DENSITY FOR HIGHER ORDER SOBOLEV SPACES 
INTO COMPACT MANIFOLDS 

PIERRE BOUSQUET, AUGUSTO C. PONCE, AND JEAN VAN SCHAFTINGEN 

Abstract. Given a compact manifold A^", fc S N» and 1 < p < oo, we prove 
Cn ■ that the class C°° {Q ; A'^") of smooth maps on the cube with values into A" is 

dense with respect to the strong topology in the Sobolev space W'''^{Q"^\ A") 
if the homotopy group tti j.pj (A") of order [fcpj is trivial. We also prove the 
density of maps that are smooth except for a set of dimension m — \kp\ — 1 
without any restriction on the homotopy group of A" . 
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1. Introduction 

Let Q™ C M™ be the open unit cube and N"" be a compact smooth manifold of 
dimension n imbedded in W for some v >\. Given fc S N* and \ < p < +oo, we 
define the class of Sobolev maps from Q'" with values into iV" as 

Ty'='P(Q'";7V") == {u e W^-PiQ'^-.My) : u e N" a.e.}. 
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We equip this set with the usual metric from W'^'P, namely for every u,v £ 

W^'='P(Q";7V"), 

k 

d{u, v) = ||m - w||lp(Q") + ^WD'u - D'i;||ip(Q™). 

i=l 

The goal of this paper is to investigate whether smooth maps are dense in W*'''p{Q''^\ N" 
with respect to the strong topology induced by this metric. Smooth functions are 
strongly dense in W'''P{Q"^; M.) and, more generally, smooth maps are strongly dense 
in W'''P{Q"^; M.'^). In particular any element of W'^'P{Q"^; N") can be approximated 
by maps in C°°{Q ; M'^). The question of whether maps in W'''P{Q"^; N") can be 
strongly approximated by maps in C°°{Q ; N"') is more delicate and the answer 
to this question depends on whether kp > m or kp < m. 

We begin with the easier case kp > m which goes back to Schoen and Uhlen- 
beck [18, Section 4, Proposition]: 

Theorem 1. If kp > m, then C°°(Q^;N'') «s strongly dense m VK'='P(Q"; TV"). 

Here is the sketch of the argument: given u £ W'^''P{Q"^; N"), consider the 
convolution ip;, * u with a smooth kernel ^pe- If the range of (^e * u lies in a small 
tubular neighborhood of iV", then we may project (pe *u pointwisely into TV". We 
can always do this for e sufficiently small as long as kp > m. Indeed, for kp > m, 
the space iy'^'^((5™; A^") is continuously imbedded in C^{Q ;TV"), hence ip^ * u 
converges uniformly to u; in particular dist ((^g * u,iV") converges uniformly to 
0. For kp = m, W^''^ is imbedded into the space of functions of vanishing mean 
oscillation VMO and this again implies that dist {(p^ * u, iV") converges uniformly 
to 0. 

The case kp < m is more subtle. In fact, the conclusion of the previous theorem 
is no longer true for every compact manifold A^". This is a consequence of the 
following result of Bethuel and Zheng [2, Theorem 2] and Escobedo [7, Theorem 3], 
using another idea of Schoen and Uhlenbeck [18, Section 4, Example]: 

Theorem 2. If kp < m and if C°° {Q^ ; N"") is strongly dense m iy'=^P(Q"; TV"), 
themT^kp\{N'')^{0}. 

Throughout the paper, \_kp\ denotes the integral part of kp. We recall that given 
£ e N, the condition tt^ (TV") — {0} means that the fth homotopy group of N" is 
trivial or equivalently that every continuous map / : S^ — > N" on the i dimensional 

— £+1 

sphere has a continuous extension F : B — )■ TV" to the £ + 1 dimensional unit 
ball. 

The reader might be intrigued by the role of the integer [fcpj in the previous 
theorem. An answer can be given by sketching a proof of Theorem 2. Consider 
e = [kp\ and take any / e C°°(§^;TV"). The map u : Q" ^ TV" defined for 
X ^ {x',x") e g'^+i X Q"-'^-! by 

(1-1) u{x)^f{j^) 

belongs to W'''P(Q"^;N") since kp < £ + 1. If there exists a sequence (uj)jgN in 
C°°{Q ;TV") converging strongly to u in W'^'P, then roughly Uj ^- u as j ^ oo 
uniformly on sets of dimension £ since kp > £. This implies that there exists a 
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— £+1 

sequence of smooth maps on B with values into N"' converging uniformly to / 
on dB = §^ and then one deduces that / has a continuous extension to B 
still with values into A^". 

The previous argument gives a recipe to construct maps in W'''P{Q"^; N") which 
cannot be approximated by smooth maps. For instance, the map u : Q"* -^ S"^~^ 
defined for x £ Q™ by 

fI 

belongs to W'''P{Q™; S™^^) for kp < m but u cannot be strongly approximated by 
maps in C°°{Q ;§™^^) for fcp > jti — 1 since the identity map on §™^i does not 
have a continuous extension to B with values into S™~^. 

The converse of Theorem 2 in the case k — 1 has been given in a remarkable 
work of Bethuel [1] (see also Hang and Lin [11, 12] for an improvement of Bethuel's 
argument and Hajlasz [10] for a simpler case): 

Theorem 3. If p < m and if Tiyp\ (A^") = {0}, then C°°{Q ; A^") is strongly dense 

One important difficulty that we face going from W^''^ maps to W^''^ maps is that 
given two maps in W"^'^ which coincide on the common boundary of their domains, 
their juxtaposition need not belong to W"^'^ unless their normal derivatives coincide. 
The aim of this paper is to prove the counterpart of Theorem 3 for higher-order 
Sobolev spaces: 

Theorem 4. If kp < m and if T^[kp\(.N'^) = {0}, then C°°{Q"^;N^) is strongly 
dense m Ty'='P(Q"; A^"). 

Some results concerning strong density of smooth maps in higher order Sobolev 
maps have been known for any k when the target manifold A^" is the circle §^ by 
Brezis and Mironescu [5, Theorem 4; 15, Theorem 5[ and for kp < n when A^" is 
the n dimensional sphere §" by Escobedo [7, Theorem 2]); Hardt and Riviere ]13] 
have recently announced a strong density result for maps in W^''^{B^; S^). 

For kp < m and tti j,pj (A'^") ^ {0}, smooth maps cannot be strongly dense 
in W'^'P{Q"^;N") due to a topological obstruction coming from the manifold A^". 
This is not the end of the story since one might try to approximate maps in 
W'''P{Q"^;N") by maps which are smooth except for a small set. In order to un- 
derstand how big this small set should be, let us come back to the remark following 
Theorem 2 above. 

We have seen that for £ = [kp\ and / e C°°(S'^; A^"), the map m : Q™ ^ A^" 
defined by (1.1) need not be approximated in W'''P{Q"^; A^") by smooth maps if / 
does not have a continuous extension to _B .In this case, u is smooth except on 
the m — £—l dimensional plane T — {0'} x M™^^^^. This suggests that topological 
singularities of maps in W'^''p{Q'^; A^") are carried on sets of dimension m— [kp\ — 1. 
We shall consider a class which contains such maps u: 

Definition 1.1. Given i £ {0, ...,to — 1}, we denote by Ri(Q^";N") the set of 

maps u : Q ^- A^" such that 

(i) there exists a finite union T of i dimensional planes such that u is smooth on 

r\T, 



4 PIERRE BOUSQUET, AUGUSTO C. PONCE, AND JEAN VAN SCHAFTINGEN 

(m) for every j G N* and x Cz Q \T, 

\D^u{x)\ < 

dist {x,Ty 

for some constant C > depending on u and j. 
Note that for kp < m, 

An important step in the proof of Theorem 4 consists in showing that the class 
i?„_Lfepj_i(Q";7V") is dense in M^'='P(Q"; TV") regardless of the topology of the 
manifold Af". 

Theorem 5. Ifkp < m, i/ieni?„_LfepJ-i(Q"; ^") «« strongly dense inW''-P{Q"'; N"). 

This theorem extends a result of Bethuel [1, Theorem 2] concerning the case 
k^l. 

We explain the strategy of our proof of Theorem 5 under the additional assump- 
tion m — 1 < kp < m for any fc G N* . Given a decomposition of Q™ in cubes of 
size ?7 > 0, we distinguish them between good cubes and bad cubes. This notion has 
been introduced by Bethuel [1]. Given a map u G W'^'P{Q'^;N") and a cube cr™ 
in Q™ of radius r/ > 0, we say that cr™ is a poorf cube if 






which means that u does not oscillate too much in cr™; otherwise ct™ is a fcad cwfee. 

The main steps in the proof are the following: 

Opening: We construct a map u°p which is continuous on a neighborhood of the 
TO — 1 dimensional faces of the bad cubes, and equal to u elsewhere. This 
map, which takes its values into iV", is close to u with respect to the M^'^'P 
distance since there are not too many bad cubes. This step requires that 
kp > m — 1 in order that W'^'P maps be continuous on faces of dimension 
TO — 1 . The opening technique has been introduced by Brezis and Li [4] in 
order to study the homotopy classes of W^'P{Q'^; N"). 

Adaptive smoothing: By convolution with a smooth kernel, we then construct a 
smooth map u™ G VK'^'P((5'", N). The scale of convolution is chosen to be 
of the order of rj on the good cubes, and close to zero in a neighborhood of 
the faces of the bad cubes. On the union of these sets, we are thus ensuring 
that M™ takes its values in a small neigborhood of A^" . 

Thickening: We propagate diffeomorphically the values of u™ near the faces of 
the bad cubes to the interior of these cubes. The resulting map u^^ coincides 
with u™ on the good cubes and near the faces of the bad cubes, is close to 
u with respect to the W'''''' distance and takes its values in a neighborhood 
of A^". This construction creates at most one singularity at the center of 
each bad cube. 
The map obtained by projecting u^ from a neighborhood of A^" into A^" itself 

belongs to the class Ro(Q™;N") and converges strongly to u with respect to the 

W'^'P distance as r; ^ 0. 

The sketch of the proof that we have given in a previous work [3] for k ~ 2 
and m — 1 < 2p < m is based on the strategy above but it is organized differently. 
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following [17]. Lemma B in [3] corresponds to opening and thickening on bad balls 
whereas Lemma G is a combination of opening and adaptive smoothing on good 
balls. Gastel and Nerf [9] have developped an alternative to opening. In order 
to prove the counterpart of Lemma G in [3], they have combined smoothing with 
gluing methods between W'^'^ maps by interpolation. 

The proof of Theorem 4 in the case m — 1 < kp < m relies on the fact that 
smooth maps are strongly dense in Ro(Q™; N") with respect to the W'^'P distance 
when 7r-m_i(A^") — {0} and kp < m. The approximation of a map u E Ro(Q™; iV") 
in this case goes as follows: 

Continuous extension property: By the assumption on the homotopy group of 
iV", there exists a smooth map u'^J^ with values into iV" which coincides 
with u outside a neighborhood of radius /xr; of the singular set of u. As a 
drawback, u'?f may be far from u with respect to the W'^'P distance. The 
role of this continuous extension property in the case of W^'^ approximation 
of maps u with higher dimensional singularities has been clarified by Hang- 
Lin [12]. 
Shrinking: We propagate diffeomorphically the values of uj^^ in the neighborhood 
of radius firj of each singularity of u into a smaller neighborhood of radius 
TiJ,ri. Since kp < m, we obtain a map uf^ which is still smooth but now close 
to u with respect to the W'^'P distance. This construction is reminiscent of 
thickening but does not create singularities. 
The smooth map uf^ converges strongly to u with respect to the W'^'^ distance 
as T — > and p — > 0. 

2. Tools for the proof of Theorem 5 

For a e M™ and r > 0, we denote by (5™(a) the cube of radius r with center a; 
by radius of the cube we mean half of the length of one of its sides. When a — 0, 
we abbreviate Q^" = Q"(0). 

Definition 2.1. A family of closed cubes 5™ is a cubication of A C M™ if all cubes 
have the same radius, if [J cr™ — A and if for every a™, a™ G 5™ which are 

not disjoint, cr™ n ct™ is a common face of dimension i G {0, . . . , m}. 

The radius of a cubication is the radius of any of its cubes. 

Definition 2.2. Given a cubication 5™ of A C R™ and £ £ {0, . . . , m}, the skeleton 
of dimension £ is the set S^ of all I dimensional faces of all cubes in 5™. A 
subskeleton of dimension i of 5™ is a subset of S^. 

Given a skeleton 5^, we denote by S^ the union of all elements of S^, 

S'= \J a'. 

2.1. Opening. For a given map u E VK'^'P(f7™; K'') on some subskeleton U"^ and 
for any £ E {0, . . . , m — 1}, we are going to construct a map m o $ e W'''P{U"^; M"^) 
which is constant along the normals to U^ in a neighborhood of U^. In this region, 
the map u o $ will thus be essentially a W'^''^ map of I variables. Hence, if kp > £, 
then M o $ will be continuous there, whereas in the critical case i — kp, the map 
M o $ need not be continuous but will still have vanishing mean oscillation. In this 



6 PIERRE BOUSQUET, AUGUSTO C. PONCE, AND JEAN VAN SCHAFTINGEN 

construction the map $ depends on u and is never injective. This idea of opening 
a map has been inspired by a similar construction of Brezis and Li [4] . 

Given a map $ : K™ — > M™, we denote by Supp$ the geometric support of $, 
namely the closure of the set {x G M™ : $(x) 7^ x}. This should not be confused 
with the analytic support supp ip oi a, function (p : R™ — > M which is the closure of 
the set {x e M™ : ifi{x) ^ 0}. 



Proposition 2.1. Let£ E {0, . . . , m — 1}, rj > 0, < p < ^, andU^ he a suhskelet 



on 

ofW" of radius rj. Then, for every u G W'''^(U^ + Q^p„] R"), there exists a smooth 
map $ : M™ ^ R" such that 

(i) for every i G {0, ■■■,£} and for every a^ G W, $ is constant on the m -- i 

dimensional cubes of radius prj which are orthogonal to cr% 
{ii) Supp $ C C/^ + Qfp,^ and $(C/^ + Q^i^^^) C U' + Q%^, 
{Hi) w o $ G W''^P{U'^ + Q^'p^; W), and for every j G {1, . . . , k}, 

3 
VII^'(w°*)IUp(c/'+Q5;J <Cj2v'\\D'u\\LPiu'+QT^^), 

for some constant C > depending on m, k, p and p, 
(iv) for every a^ G 14^ and for every j G {1, . . . , k}, 

1=1 
for some constant C" > depending on m, k, p and p. 

In the case of W'^'^ maps, the quantity \\D{uo $)||lp can be estimated in terms 
of llDuJIip; hence there is no explicit dependence of ry. However, concerning the 
second-order term, estimate in (Hi) reads as 

C 

\\D^u o $)|Up(c;.+Qg.^) < C\\D^u\\lp^u'+qt^^) + -\\Du\\lp(u^+q^^^). 

The factor - which comes naturally from a scaling argument is one of the differences 
with respect to the opening of W^'^ maps. In the proof of Theorem 4, we shall use 
the Gagliardo-Nirenberg interpolation inequality to deal with this extra term. 

Since the map u in the statement is defined almost everywhere, the map u o $ 
need not be well-defined by standard composition of maps. By mo<I>, we mean a map 
v in W'^'P such that there exists a sequence of smooth maps ('u„)neN converging to 
u in W'^'P such that {un o $)„gN converges to v in W'^'P. By pointwise convergence, 
this map uo$ inherits several properties of $ and of u. For instance, if <I> is constant 
in a neighborhood of some point a, then so is u o $. One can show that under some 
assumptions on $ which are satisfied in all the cases that we consider u o $ does 
not depend on the sequence (Mn)neN, but we shall not make use of this fact. The 
only property we shall need from u o $ is that its essential range is contained in 
the essential range of u; this is actually the case in view of Lemma 2.3 (m) below. 
In particular, if u is a map with values into the manifold iV", then u o $ is also a 
map with values into TV". 

The following proposition is the main tool in the proof of Proposition 2.1. 

Proposition 2.2. Let £ E {0, . . . , m — 1} , rj > , < p < ]) and A CM.^ be an open 
set. For every u G W'^-'p{A x Q^^^'^^W), there exists a smooth map ( : R"^^ -^ 



l"-^ such that 



-pi) 
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(i) C is constant in '^™ 



pri J 



{ii) SuppC C Q^-' and C(Q^70 C Q^ 
{Hi) i/ $ : R" ^ M" IS defined for every x = (x', x") e M'^ x K™"^ hy 

<i>(x) = (a;',C(x")) 
f/ien w o $ e T4^'='P(A x Q^;"^; M'^), and for every j e {1, . . . , /c}, 



3 



for some constant C > depending on m, k, p, p and p. 

We will temporarily accept this proposition and we prove the main result of the 
section: 

Proof of Proposition 2.1. We first take a finite sequence {pi)Q<i<i such that 
p ^ pi < . . . < Pi < . . . < po < 2p. 

We construct by induction on « G {0, ...,£} a map $* : M™ -^ M™ such that 

(a) for every r G {0,...,i} and every a^ G U^ , $* is constant on the m ^ r 
dimensional cubes of radius pirj which are orthogonal to cr'", 

(b) Supp $* c C/^ + QTp^ and $^((7* + QfJ cW + Q%^, 

(c) u o $^ G W^'='P(C/^ + Q™^; R"^), 

(d) for every ct* G W and for every j G {1, . . . , fc}, 

Q = l 

for some constant C > depending on ?Ti, fc, p and p. 
The map $ will satisfy the conclusion of the proposition. 

If i = 0, then U!^ consists of all vertices of cubes in Z^™. To construct $°, we 
apply Proposition 2.2 to the map u around each a" G W° with parameters po < 2/? 
and £ = : in this case, the set A x Q^^T in Proposition 2.2 is simply Q^. This 
gives a map $" such that for every cr" G W", $° is constant on a" + Q!JJ„ and 
$" = Id outside [/" + g^^. Moreover, u o $" g T4^'=^p(C/^ + g™^; R'^) and for every 
CT° G W" and for every j G {1, . . . , fc}, 

Q = l 

Assume that the maps $°, . . . ,$*^^ have been constructed. To define $', we 
apply Proposition 2.2 to the map u o $*^i around each a"^ G W^ with parameters 
Pi < Pi-i ■ This gives a smooth map $o-i : R™ — >■ R™ such that <^„i is constant on 
the m — i dimensional cubes of radius pii] which are orthogonal to cr*. 

Let $* : R™ ^ R™ be defined for x G R™ by 

1 $*^^(x) otherwise. 

We first explain why $* is well-defined. For this purpose, let 

2^e(ai + g;'j_^„)nK + g™_^,) 
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for some <tI E W and a'2 € W*. If a\ 7^ crl, then alOa^ = t*" for some r^ G W with 
r e {0, . . . , i — 1} and 

By the formula of $g.i given in Proposition 2.2, x, <i>g.i (x) and $g.i (x) belong to 

j 12 

the same m — r dimensional cube of radius Pi-irj which is orthogonal to r''. Since 
by induction hypothesis <I)*~^ is constant on the m — r dimensional cubes of radius 
Pi_i?7 which are orthogonal to t*", 

This implies that $' is well-defined. Moreover, $* is smooth and satisfies properties 
(a)-(c). 

We prove the estimates given by (d). If ei, . . . , e^ is an orthonormal basis of 
R™ compatible with the cubication U"^, then by abuse of notation we denote by 
CT* X Qan^ the parallelepiped given by 



ra—x 

\x-\- 2_^ tsCr^ : X E a^ and \ts\ < ar] >, 



s=l 



where e^, . . . , er„„i are orthogonal to ai. Note that for every a^ eW , 

where 9cr* denotes the i — 1 dimensional skeleton of cr*. By property (iii) of Propo- 
sition 2.2, 

/ r/^P|L'^(Mo$*)|P<Ci^ / ??"P|L'"(uo$'-i)|P. 



Q = l 



By property (m) of Proposition 2.2, $' = $'-1 on (cr* + g^^^) \ (cr* x Q"r;^). Thus, 
by additivity of the integral, we get 

/" r/^P|L'^(Mo$*)|P<C3^ I ?7"''|L'"(iio$^-i)|P. 

Since by induction hypothesis $*~^ coincides with the identity map outside 
?7*~^ + Q2pri! fo^ every a e {1, . . . , j} we have 

?7"P|L>"(uo$'-i)|P 



By induction hypothesis, for every i — 1 dimensional face t*~^ of (9(7% 
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Since the number of overlaps of the sets r*^^ + Q™p„ is bounded from above by a 
constant only depending on m, we have by additivity of the integral, 

/ r;"P|D"(uo$*-i)|P<C5^ I r]^P\D^u\P. 
Therefore, 

j 

The map <i>^ satisfies properties {i)-{iv). The estimate of property {Hi) is a 
consequence of {iv) and the additivity of the integral. D 

We proceed to prove Proposition 2.2 by making precise the meaning of u o $ in 
the statement. 

Given a function "^ : U xV ^^ W and z e y, we denote by ^^ : t/ ^ T4^ the 
map defined for every .t G [/ by 

For every measurable function 5 : M^ — > M, the composition g o ^ ^ is well-defined 
and gives a measurable function defined on W for every z. 

Lemma 2.3. Let U,W C M™ and V CM.^ be measurable sets and lef^:UxV^ 
W be a continuous map such that for every measurable function 17 : T4^ — > K, 



V 

If u Cz LP{W]W^) and if (u„)„gN *s a sequence of measurable functions converging 
to u in LP(W;W), then there exists a subsequence (wnJieN such that for almost 
every z Cz V , 

(i) the sequence {un- o ^^)igN converges in LP(U;W^) to a function which we 

denote by u o^i ^^ 
[ii) the essential range ofuo^!^ is contained in the essential range of u. 

Proof. Let (un)„gN be a sequence of measurable functions in W converging to u 
in U'{W;K^). Given a sequence (e„)„gN of positive numbers, let (Mni)i6N be a 
subsequence such that for every i G N, 

By the assumption on ^, 



llWn.+i O *^ - Un, O *^||^p(y) dz < C\\Un,^, - ««. llip(H') < Csf. 
V 

Given a sequence (««)«£» of positive numbers, let 



Y,, 



If the series ^ a^ converges, then for every t e N and for every z ^ [jYii the 

i=0 i=t 

sequence (u„. o ^^)igN is a Cauchy sequence in LP([/;M'^). 
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By the Chebyshev inequality, 

c4%\ < /"||u„.+i o *, - u„, o ^,\\l,(u) dz < Cel. 

Yi 

Hence, for every t G N, 

on 



y,«N^E© 



Taking the sequences (en)ngN and (a„)„gN such that both series ^ on and 

oo oo oo 

^(£i/ai)^ converge, then the set i? == P| [_}Yi is neghgeable and for every z G 
V\ E, [un- o 'i'z)ieN is a Cauchy sequence in L'p{U\ W). This proves assertion [i). 

It suffices to prove assertion [ii) when W has finite Lebesgue measure. For every 
z G V\E,we denote hj uo'^ ^ the hmit in LP{U; K") of the sequence {um o Vl/z)igN- 

Let : K'' — > M be a continuous function such that 0~^{O) is equal to the essential 
range of u and < < 1 in M"^. For every i E N, 

\\9o {u,i^ o *z)||ii([/)dz < C||6'ou„J|ii(^). 
V 
By Fatou's lemma. 



||6'o (mo *z)||ii(t;)dz < liminf / \\e o (m„, o *z)||ii(,7) dz 



2— >00 

V V 



Since W has finite Lebesgue measure and is bounded, as i tends to infinity we 
get 



\\eo{uo^,)\\mu)<iz<C\\9ou\\Liiw) =0. 

V 

Therefore, for almost every z d V, \\9 o [u o 'iz)\\L^(u) == 0; whence the essential 
range of u o vj/^ ig contained in the essential range of u. D 

From the previous lemma, we can prove the following property for maps in W'^'P; 

Lemma 2.4. Let U,W C R" and y C R' be open sets andlef^-.UxV^Whe 
a smooth map such that for every measurable function g : VK — > R, 



ll.9°*z||Li(t/)d2; < C\\g\\LHw)- 

If u € W^''P{W\My) and if {un)n&n is a sequence of smooth functions converging 
to u in W^^'^{W]W), then there exists a subsequence (u„JigN such that for almost 
every z E V the sequence {um o ^z)igN converges to uo^^^ in W'''P{U; M.'^), and for 
every j e {l,...,k}, 

r ^ 

V *=i 

for some constant C" > depending on m, p, k, C and max sup HD-^^zH^oo^y-). 
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Proof. Let (u„)„gN be a sequence of smooth functions in W'^'^{W:M.'^) converging 
to u in W'''P{W;M.'^). By the previous lemma, there exists a subsequence (u„JigN 
such that for almost every z Cz V, (u„. o ^^)igN converges to u o ^^ in L^ and for 
every j G {1, . . . , k}, {{D^Um) o ^z)igN converges to (D^u) o v]/^ in L^. 
For every v G C°°{W; R^), for every z &V and for each j e {1, . . . , fc}, 



i=l l<ti<...<ti 

<C2^|7^M*.(^))I, 

i=l 

whence 

This implies that for almost every z ^ V ^ {un- o ^z)igN is a Cauchy sequence in 
W''-P{U;W), thus (u„. o *z)igN converges to u o ^^ in W''^p{U;W). Moreover, 
integrating with respect to z the above estimate and using the assumption on ^ we 
get 

j 

l\\D^{vo^,)\\l^^^^dz<C3j2l\\\D'v\'°'^^\\LHu)dz 



i=l 1=1 

Thus, by Holder's inequality, 

? — 

i 

i=l 

We obtain the desired estimate by taking v = w„ . and letting ni tend to infinity. D 

We now show that the functional estimate in Propositions 2.3 and 2.4 is satisfied 
for maps ^ of the form 

\I>(x, z) == C{x + z) - z. 

Lemma 2.5. Let U,V,W C K.' be measurable sets and let (, : U + V ^^ M.^ be a 
continuous map such that for every x ^ U and for every z Cz V , (^{x + z) — z Cz W . 
Then, for every measurable function g : W ^ M, 



\g{C{x + z)-z)\dx]dz<\U + V\ / \gix)\dx. 
V u w 

Proof Let ^ : (t/ + y) X y ^ M' be the function defined by 

^{x, z) = ({x + z) — z. 
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By Fubini's theorem, 

|(,,oO(...)|d.)d../(/|,,(C,. + .,-=,|d.)d. 

V U U V 

Applying the change of variables z = x + z in the variable z and Fubini's theorem, 

\{9°0{x,z)\dx]dz^ ( / \g{C{z) +x- z)\dz]dx 
V u u x+V 

/ l.9(C(^) + a; — z)| dx J dz. 

u+v (i~v)r\U 

We now apply the change of variables x — C,{z) + x — 5 in the variable x, and use 
the assumption on W to conclude 

\{goS:){x,z)\dx\dz^ j ( j \g{i)\di\dz 

V u u+v ciz)-ivn(i-u)) 

- J {J\9iS:)\ds!^dS 

u+v w 



^\U + V\j \giS:)\dx. 
w 
This gives the desired estimate. D 

Proof of Proposition 2.2. By scaling, it suffices to establish the result when rj = I. 
We fix p such that 2/5 < p — p. 

Let ^ : R™^^ -^ R™^^ be the smooth map defined by 

C(y) = (1 - 'piy))y, 

where ip : M™^^ -+ [0, f ] is a smooth function such that 

- for y e Q;^-.', ^{y) = f , 

^ for y G R™-^ \ Q^_-5^ ^(y) = 0. 



For any z e Q""', the function C : R""^ ^ R""^ defined for x" G R""^ by 



C(x") = C(x" + z) - z 



satisfies properties (i)-(M). 

We claim that for some z e Q"^^^, the function $ : M™ ^ R™ defined for 

x= (x',x") e R*^ X M™-^ by 

$(x) = (x',C(x")) 

satisfies property {Hi). 

For this purpose, let * : M™ x Q^'"^ -> R™ be the function defined for x = 
(x',x") e R^ X R™-^ and z e QJ'^ by 

*(x, z) = (x', C(x" + z) - z). 

For every measurable function f : Ax Q^^ — ?■ M, we have by Fubini's theorem. 



ll/°*^llLi(^xQ™-^)d2 



Given x' e A, we apply Lemma 2.5 with U = Q^^, V = QJ^, W = Q^~\ and 
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\f{x',Cix" + z)~z)\dx"]dz dx'. 

Qj-'- Qr'- 

ippiy ijeiimia z.o wilu u ^ i^, 

(■. We deduce that 

/ |/(a;',C(a;" + z)-z)|da;"')dz<Ci / |/(a;', a;")| dx". 

Thus, 

ll/°*-liLH^xQ--^)d^<Gl|l/llLi(AxQ-^)- 

By Lemma 2.4, for almost every z G Q'J^^^ u o *^ e W^-p{A x Q^-'^;W) and 
for every j G {1, . . . , fc}. 



J \\DHuo^,)\\^^^^^^^-,^dz<C2j2\\D' 



"IIlp(AxQ!?-*)- 



We may thus find some z e Q^"^ such that uo^i, e W''^p{A x g^"^; W) and for 
every j G {l,...,fc}, 

i 

The function C, defined in terms of this point z satisfies the required properties. D 

Addendum 1 to Proposition 2.1. LetJC"^ he a cubication containing U™ and let 
q>l. Ifu e W^^'^{K"' + Qr['p^;W), then the map $ : R™ -^ R" can be chosen with 
the additional property that m o cf) G W^''^{K"^ + Qapr,! H^") ^"'^ for every ct™ G JC"\ 

for some constant C" > depending on m, q and p. 

Proof. Since u G W^'"^ {U^ +Q2p„; R'^), we may apply Proposition 2.1 with fc = 1 and 
p = qm order to obtain a map $ : R™ ^ R" such that uo$ g VKi'«(C/^ + Q'2pr,;K'') 
and for every a^ E U^ , 

Since the choice of the point z in the proof of Proposition 2.2 can be done in a set 
of positive measure, we may do so by keeping the properties we already have for 

For every ct™ G /C™, if cr"^'^ denotes the skeleton of dimension £ of cr™, then by 
additivity of the integral, 

||L>(Mo$)||i,((^„,£n;70+Q5;j < C'll-D^i|U«((<T".*nC/0+Q?pJ- 
Since $ coincides with the identity map in (cr™ + Q^^,^) \ ((cr™^^ n U^) + Q^p^), 

This concludes the proof. D 
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Addendum 2 to Proposition 2.1. Let /C™ he a cubication containing U"\ If 
u e W^^''P{K"'' + Q^p^iR"), then the map $ : R™ -^ M™ given by Proposition 2.1 
and Addendum 1 above with q = kp satisfies 



r^~^ [ f 
lim sup / / |uo$(a;)-uo$(y)|dxdy = 



'Qr(a)C[/^+Q™ 



— 1 

Qr(«)Q"('j) 



and /or every a™ G Z^™ and /or every a G tr™ smc/i i/iai Q™{a) C U^ + i 



l^„|2 / / \uo^ix)-uo<^{y)\dxdy< ^ L-t -|l-P"llL'-p(<T"'+Qg;^), 

m^r I ^ ^ ji kp 

for some constant C" > depending on m, kp and p. 

If kp > £, then the hmit above imphes that u o $ belongs to the space of func- 
tions of vanishing mean oscillation VMO(t/^ + Q™; M'^) and the estimate yields an 
estimate on the BMO seminorm on the domain U^ + Q"L as defined by Jones [14]. 
If fcp > £ > 0, then the estimate implies that u o $ g C°'^~'^(C/^ + Q^;IR'') with 
an upper bound on the (7 ' ~'^ seminorm of u o $ (see [6]). The estimates of this 
addendum are not really useful when kp < £ since in this case lim r *=? =0. 

r— >-0 

Proof of Addendum 2. Fix Q'^{a) d U^ + Q^p]^. Then a G C/^ + Q"^.^. Hence 
there exists an £ dimensional face t^ G U^ such that Q'^{a) C t^ + Q"L. Without 
loss of generality, we may assume that r^ = Qf x {0™^^} C M^ x M™^^. From 
Proposition 2.1 (j), the map $ is constant on the m~£ dimensional cubes of radius 
prj which are orthogonal to Q(i+p)^ x {O""^}. Writing Q';^{a) = Qi{a') x Q™-^(a"), 
then M o $ only depends on the first £ dimensional variables in (5™(a). Let v : 
Q1 , s -^ My be the function defined by 

v{x') ^ (Mo$)(a;',a"). 
By Addendum 1 above with q =^ kp, u o ^ e ^^'''^iQli+p)ri ^ Q'pl^^'^ *"), whence 



\v(x )—v{y )| dx dy . 







v&W'^'P(Ql^p^,-My)- 






Note that 












1 f f 


\uo^{x)- 


-Mo$(j/) dxdy : 


' / 


')Qi 


/■ 


\QT? J J 




/ 

(a') 


By the Poincare-Wirtinger 


inequality, 








1 / 


1 \v{x')-v{y')\dx' 


dy' < Cir' 


-^1 


\D: 


m' J 



Thus, 

1 



Q?'(a)Q™(a) 



|uo$(x) -uo^{y)\dxdy < Cir^ »=? ||Dw||Lfcp(Qf („')) 



and this implies the first part of the conclusion. 

In order to get the estimate of the oscillation of uo $ in terms of \\D{uo $)||^fcp, 
note that 

ll^(^*0*)llLfcp(Q^(a')xQ— ^(a")) = C^PV)"^ \\Dv\\ Ll'PfQi^fa')) ■ 
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This implies for any cr™ e W™ such that t C a 

1 



(2pry) ''p 

< - — -^irll-D(^i°*)llL'=p(a«+Q™) 

(2pry) ''p 



Thus, 



1 f f i/x ^^M1l ^2^ '''' 



\nm\2 I I l"°*W-"°*(y)|da;dy< — -^^||i?(uo$)||i.p(^™+Q„). 

m/r I J J (oil) ''P 

Q;"(a)Qr(«) 

By Addendum 1 above, 

||L>(MO$)||^fcp(^„+Q„) <C3||i:'M||L'=p(a"'+Q™^)- 

This proves the estimate that we claimed. D 

2.2. Adaptive smoothing. Given u G W'''^{il;M.'^), we would like to consider 
a convolution of u with a parameter which may depend on the point where we 
compute the convolution itself. The main reason is that we want to choose the 
convolution parameter by taking into account the mean oscillation of u: we choose 
a large parameter where u does not oscillate too much and a small parameter 
elsewhere. 

For this purpose, consider a function u G L^{fl;M.'^). Let ip he a. mollifier. in 
other words, 

ipeC^iB"^), (^>OinBj" and f p = I. 

For every s > and for every x G il such that d{x, dfl) > s, we may consider the 
convolution 

{(ps*u){x)— / (p{z)u{x + sz)dz. 
We may keep in mind that with this definition, 



(ifo '*' u)(x) = / ip{z) dzu(x) — u(x). 
B™ 

This way of writing the convolution has the advantage that we may treat the cases 
s — and s > using the same formula. 

We now introduce a non-constant parameter in the convolution given by a non- 
negative function ip E C^{^). The convolution 

(fi^ =*= u : {x e n : dist {x, dn) > tpix)} -^ W 

is well-defined and if ij{a) > and |D7/;(a)| < 1 at some point a G 51, then by a 
change of variable in the integral the map (p^ * u is smooth in a neighborhood of a. 
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Proposition 2.6. Let (p E C'^{B'!p) he a moUifier and let tp E C^{il) be a non- 
negative function such that ||-D^||Loc(f2) < 1- Then, for every u G LP{^;W^) and 
for every open set uj C jx G f7 : dist (x, 9$!) > il){x)^ , if^*uE L^iu'^My), 

\Wi> * u\\lv(u:) < -T\\u\\LP(n), 

(1- Ili'^MIioof^))? 



and 



||</?^ *U-u||iP(^) < sup ||T^«U-u||LP(a;), 



where t^^u{x) — u{x + ^p{x)v). 

For p > 1, it is possible to obtain an estimate for \\ip^ * m|Jlp([j) without any 
dependence on ip by the theory of the Hardy-Littlewood maximal function (see for 
instance [19]); this approach fails for p = 1. 

In the context of the proposition above, one can prove in a standard way the 
following statement: given u G LP{il;M.'^), < (3 < 1 and e > 0, there exists S > 
such that for any nonnegative function tp E C°°(i7) satisfying ||'0l!L°°(n) < ^ and 
||DV||l°°(o) < /?: and for every open set a; C {x G fi : dist {x,dn) > iIj{x)}, 

sup ||T^t,U- u||lp(cu) < £• 

ties™ 
We may pursue these estimates for maps in W'''P{il;M.''): 

Proposition 2.7. Let ip G C;?°(BJ") be a moUifier and let ip G C°°(f7) he a 
nonnegative function such that ||-D'0||L°°(f2) < 1- For every A: G N*, for every 
u e W^'P{VL]W) and for every open set uj d {x E VL : dist(x,9ri) > tpix)] , 
(ft(, * u E W'''^(oj;M.'') and for every j E {1, . . . , k}, 

C ^ ■ ■ 

V^\D^{f4>*u)\\Lp(u,) < — -r'^v'WD'uWLp^n), 

(1- II^'^IIl-m)'' i=i 

and 

'q^\\D^{ip^ *u)- D'-'uWLPi^^) 

C" -^ 

< sup ■q^\T^^{D^u)- D^u\\lp(u>)^ -y^ Tt\\D''u\\LP(A), 

for some constants C > and C" > depending on m, k and p, where 

^= U B^i^)^x) 

a:(^Ljnsupp Dip 

and rj > is such that for every i E {2, . . . , k}, 

Proof. We only prove the second estimate. We assume for simplicity that u E 

C°°{n;W). For every x G cj, 

(^,*.)(x)-.(x)^/^(.)Kx + ^(x).)-.(x)]dz. 

B^ 

For every j E {1, . . . , fc}, we have by the chain rule for higher order derivatives, 

|L»^'((^^*u)(x)-i:>^M(x)| 
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< / tp{z)\D'u{x + tp{x)z)o{ld + Dipix)!^ zY ~ D^u{x)\dz 
+Ci^ J2 {l+\Dtl;{x)\)°''\D'^ij{x)\"^---\D^tp{x)\°'^ ^{z)\D'u{x+^{x)z)\dz. 

i=l ai+2a2H hjaj=j gm 

Since ||£''0||l°°(o) < 1, for every z € S™, 

\(Id + Di;{x) (E) zy -Id\ <C2\Di:ix)\, 
and we have 

\D\ip^*u){x)~D^u{x)\ 



< / ^(z)|I?-'u(a; + V'(x)z) -I?^u(x)|dz + C2|I?-0(a;)| / (piz)\D^u{x + ij{x)z)\dz 

B™ B- 

+CiJ2 J2 {l+\D^P{xW\D^^P{x)\"-'---\D'4^{x)\''^ ^{z)\D'u{x+i:{x)z)\dz. 

1=1 ai+2o!2H hia3=i ^m 

0!i+a2H \-aj=i ^ 

Note that the second and the third terms in the right hand side are supported on 
suppDV" since as 7^ for some s > 1. Moreover, by the choice of 77, 

(1 + \Dij{xW \D^ij{x)\"^ ■ ■ ■ \D^tP{x)\''^ 

::^ 2"! ' ,„_ , T-T- = 2"^ — < 2'' — 

Therefore, 

|i:iJ'((^^*M)(a;) -i:>^M(x)| 

< / (p{z)\D-'u(x + tp{x)z) — D-'u(x)\dz 



jjai+2a2-\ \-jaj j^j — j^j ' 



+ C3^— XsuppDv(2;) / ip{z)\D'^u{x + ^{x)z)\dz. 

i — 1 ' 



By the Minkowski inequahty. 



p 
'^{z)\D^ u{x + ^p{x)z) — D^u{x)\ dz ) dx 



ui BV 



< / \D^u{x + tP{x)z)-D^u{x)\Pdx] (f{z)dz 



BT* w 



< sup \\T^y{D^u) - D^u\\lp(^^^ / ip{z)dz 
dGB" j 

Br 

= sup ||T^„(i:)-'u) -i:)-'M||iP((^), 

«eBj" 
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and for every i G {1, . . . , j}, we also have 



tp{z)\D^u{x + '(l;{x)z)\dz ] dx 

a;nsupp Dip B^ 



< / ipiz)i / \D'u{x + tP{x)z)fdx\ dz. 

Using the change of variable y — x + 'ip{x)z with respect to the variable x, we deduce 
by definition of A that 

V 

f{z)\D^u{x + 'ip{x)z)\dz \ dx 

Ljnsupp Dip BY^ 



^ /^(- ^-P^lk^M ^'^'"^^^'^"^' '' 



A 

iD'u 



(i-II^V-IIl-m)^ 

This gives the desired estimate for u E C°°(ri;IR.'^). The case of functions in 
W'''P{n; W) follows by density. D 

2.3. Thickening. Given a map u E W''''p{U"^;M.'^) which behaves nicely near the 
skeleton U^, we would like to construct a map u o $ that does not depend on the 
values of u away from the skeleton U^. The price to pay is that the map uo $ will be 
singular on the dual skeleton T^ ; these singularities will however be mild enough 
to allow u o $ to be in Ri.{U"^;W) and to satisfy W'^'P estimates for kp < £+ 1. 
The thickening construction is related to homogenization of functions on cubes that 
are used in the study of density problems for k = 1; see [1, 2, 12]. 
The precise meaning of dual skeleton we use is the following: 

Definition 2.3. Given £ E {0, . . . , m — 1} and the £ dimensional skeleton S^ of a 
cubication S™ , the dual skeleton T^ of 5^ is the skeleton of dimension £* = m—£—l 
composed of all cubes of the form a^ + x — a, where a^ E S , a is, the center and 
X the vertex of a cube of 5™. 

The integer £* gives the greatest dimension such that S^ OT^ =0. 
The proposition below provides the main properties of the map $: 

Proposition 2.8. Let £ E {0, . . . ,to — 1}, 77 > 0, < p < 1, S™ be a cubication 
of W" of radius i], U™ be a subskeleton of 5™ and T^ be the dual skeleton of U^ . 
There exists a smooth map $ : M™ \ T^ — > M™ such that 
(i) <i> is injective, 

[a) for every a"" E S"" , $(cr" \ T^*) C cr" \ T^' , 
(Hi) Supp $ C C/" + Q;:^^ and $(C/" \ T^*) C t/^ + Q^^, 

(iv) for every j E N* and for every x E K.™ \ T^ , 

\D^^(x)\ < ^ -, 

(dist(x,r^-))^ 

for some constant C > depending on j , m and p, 
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(v) for every < /3 < i + 1, for every j G N* and for every x G M™ \ T^ , 

rf-^\D^'^{x)\ < C"(jac$(x))*, 
for some constant C" > depending on (3, j , m and p. 

This proposition gives W'^'P bounds on m o $ for every W'^'P function u. The 
proposition and the corollary below will be applied in the proof of Theorem 5 with 
£ ^ [kp\ . 

Corollary 2.9. Let $ : K™ \ T'^' -^ R™ be the map given by Proposition 2.8. If 
i + l> kp, then for every u G W'''P{U"' + Q™ ; R"), u o $ G W'''P{U"' + Q™ ; W) 
and for every j G {1, . . . , k}, 

j 

for some constant C" > depending on m, k, p and p. 

Proof. We first estabhsh the estimate for a map u in C°°{U''' + Q'J^^;W). By 
the chain rule for higher-order derivatives, for every j G {1, . . . , fc} and for every 

xG c/™\r^', 

i 
\D^{uo^){x)Y' <CiY^ Y^ |L>V($(x))|P|L'*i$(x)|P---|L'*'$(x)|P. 

i=i i<ti<...<ti 

ti+---+ti=j 

Let < /3 < ^ + 1. If 1 < ii < . . . < ti and ti + ■ ■ ■ +ti = j, then by property (w) 
of Proposition 2.8, 

(iac$(x))^ (jac$(x))^ (iac$(x))^ 

I?*i$ X P • • • D''<i>{x)P < C2 ^ „ ;/ ,, i/ C2 ^ , ■ -' ■ 

Since kp < £ + 1, we may take (3 — jp. Thus, 
and this implies 

3 

r]^P\D^uo<i>){x)\P < C3'Yr]'P\D'u{^{x))\P iac<P{x). 

i=l 

Since $ is injective and Supp$ C L/" + Q"^^, we have $((C/™ + Q^'^,) \ T^*) C 
t/™ + QpL Thus, by the change of variable formula, 

i 



f r]^P\D^uo<^)\P<C3j2 I fi'P\{D'u)o^P]ac^ 

C3^ / ^'^i^'^r 



(C/"+Q")\T** ' ^f^-' + Q-JXT* 



< 

and u o $ G W^-PiiV^ + 0™) \ r^*;R'^). Since £ > 0, the dimension of the 
skeleton T^' is strictly less than m - 1. Thus, it o $ g VK'='P(C/" + Q;;Jj;R''). 
By density of smooth maps in W'''P(U™ + (5™;R'^), we deduce that for every 
u G W^'P{U"^ + Q™ ; R"^), the function uo $ also belongs to this space and satisfies 
the estimate above. D 



20 PIERRE BOUSQUET, AUGUSTO C. PONCE, AND JEAN VAN SCHAFTINGEN 

We describe the construction of the map $ given by Proposition 2.8 in the case 
of only one £ dimensional cube: 

Proposition 2.10. Let £ e {1,...,™}, ?7>0, 0</9<p<p<l and T = 
{0^} X Q^^^ ■ There exists a smooth Junction A : M™ \ T — > [l,oo) such that if 
$ : M" \ T ^ K" is defined for x = (x', x") G (M^ x M"-^) \T hy 

$(x) = (A(x)x',x"), 
then 
[i) $ is injective, 

{ii) Supp$cQ^,_^)^xO^;-^ 

(iw) for every j E N* and for every x — {x' , x") £ (Qn_ j x Q^^^) \ T, 

\D^Hx)\ < ^, 
F P 

/or some constant C > depending on j , m, p, p and p, 

(w) for every < f3 < £, for every j G N* and for every x G {Q^(i_„\„ x Q™^^) \ T, 

V"i|L>^$(x)| < C"(jac$(a;))*, 

/or some constant C" > depending on 13, j , m, p, p and p. 

We temporarily admit Proposition 2.10 and we prove Proposition 2.8. 

Proof of Proposition 2.8. We first introduce finite sequences {pi)i<i<m and {Ti)i<i<rn 
such that 

< Pm < Tm-l < Pm-1 < . ■ . < Pt+l < n < pi ^ p. 

For i = m, we take $„ = Id. Using downward induction, we shall define for every 
i e {^, . . . , m - 1} smooth maps $j : M™ \ T^' -^ R" such that 

(a) $i is injective, 

(b) for every cr" G 5™ and for every r G {i*, . . . , to - 1}, $j(cr" \ T'') C ct" \ T'', 

(c) Supp$, c;7" + g;,%, 

(d) $,(t/"\T**)cC/^ + Q™^, 

(e) for every x G M™ \ T' and for every r G {i*, . . . , to — 2}, 

dist($,(x), T'') dist(x, r''+i) = dist($,(x), r''+i) dist(x, T''), 

(f) for every j G N* and for every x G M™ \ T* , 

\D=^dx)\ < ^^^-y, 

(dist(x,r^*))^ 

for some constant C > depending on j , m and p, 

(g) for every < /? < z + 1 , for every j G N* and for every x G M™ \ T* , 

V-i|D^$,(a;)|<C'(jac$,(a;))*, 

for some constant C" > depending on /3, j, m and p. 
The map $£ will satisfy the conclusion of the proposition. 

Let i G {£ + 1, . . . ,to} and let 8i be the map obtained from Proposition 2.10 
with parameters p — pi, p ~ Ti_i, p = pi_i and £ = i. Given cr* G W, we may 
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identify cr* with Q\ x {O""'} and T(*-i)* n {a' + Q^^_^^) with {0*} x QrlZ',y The 
map Qi induces by isometry a map which we shall denote by Q^i . 

Let *i : R" \ T^^-^)* -^ M™ be defined for every x e R" \ T^^-^)' by 

^ ^ iOa^ix) if X e cr' + Q™_,„ for some a^ e Z^% 
I X otherwise. 

We first explain why ^i is well-defined. Since Q^i coincides with the identity map 
on da' + Q'^l^r,^ then for every a^ a'^ € U\ if x e {al + Q™_^„) n (^ + Q'^l^r,) and 
a\ ^ crl, then 

One also verifies directly that ^^ is smooth on M™ \ T^'^^^^ . 

Assuming that $i has been defined satisfying properties (a)-(g), we let 

$j_l =*, o$,. 

Themap$j_i is well-defined on ]R'"\r('-i)' since $^(K'"\r(^-i)*) cM™\T(*-i)*. 
We now check that $i_i satisfies all required properties. 

Proof of Property (a). The map $i_i is injective since ^^ and <i>i are injective. D 

Proof of Property (b). For every r€ {(i — f)*,...,TO— 1} and for every cr™ G 5™, 
we have by induction hypothesis $j((t'"\T'") C a'^\T'^. Moreover, for any cr™ € 5™ 
and any d* gU\ the formula of 9^ implies that 9^, (cr™ \ T^) C cr™ \ T^ D 

Proof of Property (c) . By induction hypothesis $i coincides with the identity map 
outside C/™ + Qp"„. By construction, ^^ coincides with the identity map outside 
U"^ + Q™_i^ (see Proposition 2.f0, property (m)). Since pi < n-i < Pi~i, we 
deduce that Supp $,_i C U"' + Q'pl_,^. □ 

Proof of Property (d). By induction hypothesis (property (d)) 

$,(c/™\r*)c t/* + 0™^ 

and (property (b)) 

$,(R™ \ r('-i)') c R™ \ r('-i)'. 

Since T^^-^)* D T*', we have 

$,(L/™ \ t(*-i)*) c ([/' + Q™^) \ r('-i)*. 

By construction of 9^ (see Proposition 2.10, property (iii)), for every cr* e Z^*, 

e.^ ((^' + g^,) \ r(^-^)') c aa* + g™_,,. 

Taking the union over all faces cr* e Z^\ we get 

*,((t/* + 0™,) \ r(*-i)') c (7^-1 + g™_,,. 

Combining the information for $i and ^i, we obtain 

$,_i(;7™\r(*-i)')cc/*~i + Q™_^^. n 

Proo/ of Property (e). Let r e {(i - 1)*, . . . ,m - 2} and x e M™ \ T(*-i)*. If 
$i_i(x) = $i(x), then the conclusion follows by induction. If $i_i(x) 7^ 'I'i(a;), 
then there exists ct* G Z^* such that $i(x) e cr* + g™_i,, and $i_i(x) = 9o-«(<I'i(x)). 
Since $i(x) e Supp^^, 

$.(x)G(a*+Q™_J\(aa*+Q™_^„). 
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Up to an isometry, we may assume that cr^ — Q\^x {0™^*}. For every < A < 1 
and for every y ^ {y' ,y") e Q\^_y,)^ x Q™-\ 

dist(2/,T'-) - dist ((y',0),r'- n (Q|i_^)^ x {0"-*})). 

In view of the formula of 9^, we deduce that for every y e (ct* + Q™_j^) \ (9cr* x 

dist(e,. {y), T'-) dist(y, r+^) = dist (6,. (y), r+^) dist(y, T') ; 

this identity is reminiscent of Thales' intercept theorem from Euclidean geometry. 
By induction hypothesis, we then get 

dist($,_i(x), T'') dist(x, r''+i) == dist(e^, ($j(x)), T'') dist(x, T'+^) 

= dist(e^, ($j(x)), r''+i) dist(x, T'') 

= dist($,_i(a;)), T''+i) dist(x, T'). 
This gives the conclusion. D 

Proof of Property (f). Let x € R™ \ T*^*^^' . If ^^ coincides with the identity map 
in a neighborhood of ^i{x), then Z)^$i_i(x) = D^^i{x) and the conclusion follows 
from the induction hypothesis and the fact that T'*^^^ D T* . 

If ^i does not coincide with the identity map in a neighborhood of $^(2;), then 
there exists cr* G W^ such that 

and $i_i(x) = 0(ji(<I'i(a;)). By the chain rule for higher order derivatives, 

3 
\D^^,^i{x)\<C^Y, J2 |i^'"e,.($,(x))||i^*i$,(x)|...|i^*'-$,(x)|. 

r=l l<ti<...<tr 

tl+---+t^=j 
By construction of Qi (see Proposition 2.10, property (iv)), we have for any y = 

(2/', 2/") e (Qa-.,_,). ^ ^n-i^) \ ({0'> ^ ^"Hr,)' 

This implies 



(dist($,(x),r('-i)-))' 

By the induction hypothesis, for every 1 < ti < . . . < ir such that ti + • • • + i^ = J, 

S O,'^ -;- • • • -;— — O3 - 



(dist(a;,T**)) ' (dist(x,T»*)) "^ (dist(x, T^*))^ 

Thus, 

J r+l 

|i^-'$,_l(x)| <C4Y -. 

^(dist($,(x),T(*-i)*))'^(dist(x,r^*))-' 

We recall that by property (f) , 

dist($,(x),r(^-i)')dist(x,r*) =dist(x,r(^-i)*)dist($,(x),r''). 
Since $,(x) e (a* + g™_^^) \ {da' + QT,_J, 

dist($,(x),r*) > (1 - T,_i)77 > (1 - p)rj. 
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Thus, 

(dist($,(x),T(*-i)*))''(dist(x,r ))^' 

= ( dist(a;, T^'-^'>') dist($,(x), r * ))'' ( dist(x, T** ))^"'' 
> ( dist (x, r('-i)'))''((l - p)rjy ( dist(a;, T*' ))^'"\ 
Since T** C T^'-i)*, we conclude that 

\D^<i>r-i{x)\ < C,- "^ D 

(dist(.T,r('-i)*))^ 

Proof of Property (g). Let j e N* and let x e M™ \ T^*^^)*. If vj/^ coincides with 
the identity map in a in a neighborhood of $i(x), then D-'$i_i(a;) = D^^i{x) and 
jac$i_i(x) = jac$i(x). The conclusion then follows from the induction hypothesis. 
Assume that ^^ does not coincides with the identity map in a neighborhood of 
<E>i(x). Let < /3 < i and r S {0, . . . ,j}. By induction hypothesis, if 1 < ti < . . . < 
tr and ti + ■ ■ ■ + tr = j, then 

Let (T* G ZY^ be such that 

and $i_i(x) = 0O-. o 3'j(x). By construction of 8i (see Proposition 2.10, property 
{v)), we have for any y G {Q\^_,^_^y^ x g;!;-\,) \ ({0^} x Q^-^, 

r;'-i|i^'-e,(2/)| < C2(jace,(y))^ = C2(jace,(y))*. 
Thus, 



(jace^.($,(x)))? (jac$,(x))? _ Cg .. ^^ 



Therefore, by the chain rule for higher order derivatives, 

|^^$.-i(^)|<-^(jac$,_i(x))^. 
This gives the conclusion. D 

By downward induction, we conclude that properties (a)-(g) hold for every i G 
{£,..., m}. In particular, $^ satisfies properties (i)-(w) of Proposition 2.8. D 

We establish a couple of lemmas in order to prove Proposition 2.10: 

Lemma 2.11. Let I G {1, . . . , m}, let rj > 0, letO<p<p<'p<l and < k < 
1 - p. There exists a smooth function A : M™ -^ [1, oo) such that if $ : M™ -^ M™ 
is defined for x = (x', x") G R^ x R""'^ by 

$(x) = (A(x)x',x"), 
(i) ^ is a diffeomorphism, 

{ii) Supp$c0^i_^)„xg^-^ 

[lit) $((g^ \ Qi,) X g;;-0 c (0', \ g^i_p),) x q^-\ 
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(if) for every j G N* and for every x G M™, 

rj>'\D^^(x)\ < C, 

for some constant C > depending on j , m, p, p, p and k, 
(v) for every j G N* and for every x G M™, 

C"<jac$(x) <C", 

for some constants C", C" > depending on m, p, p, p and k. 

Proof. By scaling, we may assume that rj — 1. Let ip : M -^ [0,1] be a smooth 
function such that 

- i/i is nonincreasing on IR+ and nondecreasing on IR_ , 

- for |t| < 1-p, tpit) = 1, 

- for \t\>l- p, ij{t) = 0. 

Let : M ^ [0, 1] be a smooth function such that 
^ for |t| < p, 9{t) = 1, 

- for |t| > p, e{t) = 0. 

Let (p : R™ ^ R be the function defined for x — (xi, . . . , Xm) G R™ by 

t m 

^{x) = n i>{x,) n &{x^)- 

Thus, 

- for every x G M™ \ {Q{_p x g;j'-^), ^(x) = 0, 

- for every x G Q{_-p x Q"p^^^, ip{x) = 1. 

We shall define the map $ in terms of its inverse ^: let ^ : R™ ^ M™ be the 
function defined for x = (x',x") G R*^ x R™~^ by 

*(x) == ((l-a(^(x))a;',a;"), 

where a G R. In particular, 

- for every x G M™ \ (Qf.^ x Q)^"^), *(x) = x, 

- for every x = (x',x") G g^i_^ x 0™-^ *(x) = ((1 - a)x',x"). 

In view of this second property, taking a ~ 1 — j^ , we deduce that ^ is a bijection 
between Q{_- x Q'^-'^ and Qi x Q™-^ 

We now prove that * is injective. If x, y G M^ x R™^^ satisfy ^^(x) ~ ^(y), then 
J/" — x" and J/' = tx' for some i > 0. Since a G (0, 1), the function 

g : s Cz [0,oo) i — ;■ s(l — a(p{sx' ,x")) 

is the product of an increasing function with a nondecreasing positive function. 
Thus, g is increasing, whence ^ is injective. Since g(0) — and lim g{t) = 

i— >+oo 

+00, by the Intermediate value theorem, g{[0,oo)) = [0, oo). Thus, ^ is surjective. 
Therefore, the map ^ is a bijection. 

We claim that for every x G R™, I?^(x) is invertible. Indeed, for every x = 

(x', x") G R^ X M™-^ and for every w = (w', w") G R^ x R™-^ 

D'i{x)[v] ~ [{1 — a(p{x))v' — aD(p{x)[v]x' ,v"j. 

The Jacobian of ^ can be computed as the determinant of a nilpotent perturbation 
of a diagonal linear map to be 

jac*(x) = (1 - aip{x)Y~^(l - a(p{x) - aD(p{x)[{x' ,0)]). 
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Since 4' is nonincreasing on IR.+ and nondecreasing on ]R_, D(p{x)[{x' , 0)] < 0. Thus, 

jac*(x) > (1 - aip{x)Y > (1 - aY > 0. 

The map $ = ^^^ satisfies all the desired properties. D 

Lemma 2.12. Let £ e {1, . . . ,m}, r] > 0, < p< p <p < 1 andT ^ {0^} x Q™"^. 
There exists a smooth function A : K" \ T ^ [1, oo) such that i/ $ : M™ \ T ^ R" 
is defined for x = {x' , x") G (K^ x M™^^) \T by 

$(x) = (A(x)x',x"), 
(i) $ is injective, 

(ii) Supp$ci?fi_^)^xg;,v^ 

(^^^) ^ll^^,,, x Q™-^) \ T) C (Sf^^^)^ \ Bf,_-^^) x Q^^^ 

(if) /or every j G N* and for every x = {x' , x") G (-Bn_„-)„ x QiJJ^" ) \ T, 

for some constant C > depending on j, m, p, p and J), 
{v) for every < 13 < £, for every j G N* and for every x G K™ \ T, 

rf-^\D^'^{x)\ < C"(jac$(a;))*, 

for some constant C" > depending on (3, j , m, p, p and p. 

Proof. By scaling, we may assume that 77 = 1. Given fe > 0, let (p : (0, 00) — > [1, 00) 
be a smooth function such that 

- for < s < 1 - p, ip{s) = ^— ^ (1 + i^ 

- for s > 1 — p, ^{s) = 1, 

- the function s G (0, 00) h- > s(^(s) is increasing. 

This is possible for any 6 > such that 

Let : M™^^ ^ [0, 1] be a smooth function such that 

- for y G Q^-', 9{y) - 0, 

- for y G R""^ \ Q;^"^ 9{y) = 1. 
We now introduce for x = {x',x") G M'' x R™~^, 



C(x)-^|x'|2 + ^(x") ■ 

Let A : R" \ T ^ R be the function defined for x = {x' , x") G R" \ T by 

Xix) - ^(C(x)). 

Since ^ 7^ in R™ \ T, the function A is well-defined and smooth. In addition, 
A> L 

We now check that the map $ defined in the statement satisfies all the required 
properties. 
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Proof of Property (i). In order to check that $ is injective, we first observe that 
if X = ix',x"),y = (y',y") e B{ x g^"-^ and <^{x) ^ $(y), then x" ^ y" , and 
there exists t > such that y' = tx' . The conclusion follows from the fact that the 
function 



/i : s e [0, oo) I — > sip{y^s^ + e{x")^) 
is increasing. D 

Proof of Property (ii). For every x = (x', x") £ {R'^ x M"-^) \ T, if x' ^ Bf,^ or if 
x" ^ Q^^^ then C{x) > 1 - p. Thus, A(x) = ¥^(C(a;)) = 1 and $(x) = x. We then 
have Supp $ c Bf_p x g^"-^. D 

Proof of Property {Hi). We first observe that since the function s € (0, oo) n- s(p(s) 
is increasing and lini sipis) = 1-/3, for every s > 0, 

siy9(s) > 1 — p. 

Since for every x ~ (x',x") e {B{_p x g™^^) \ T, we have C(a;) = |x'|, we deduce 
that 

|A(x)x'|=^(|x'|)|x'|>l-p. 
On the other hand, since the function h defined above is increasing, 

|A(x)x'| = h{\x'\) <h{l- p) = l- p. 
We conclude that A(x)x' e B[_p \ B[_^. D 

Proof of Property (iv). By the chain rule, 



\D^Xix)\<C,Y^ ^ |^«(C(x))||i^*^C(^)|...|i^*^C(:^)|. 
i=i i<ti<...<ti 

For every i G N* and for every s > 0, 



|^W(.)|< ^■■ 



J+i 
and for every x e (Bf x K™-'^) \ T, 

C3 



\DX{^)\ < 



C(x)-i- 
Thus, for every 1 < ti < . . . < ti such that ti + • • • + ti = j, 

\D'^C{x)\ ■ ■ ■ \D'X{x)\ < ^ -^ 



C(x)*i-i---C(a;)*»-i Cixy^ 
By the chain rule. 

Hence, by the Leibniz rule, for any x G (Sf x M™^^) \ T, 
(2.1) |i:i^$(x)| < '^^ 



({xy 

Since C(x) > |x'|, the conclusion follows. D 
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Proof of Property (v). For every x = (x', x") e {R'^ x W"-'^) \ T and w = (w', v") G 



. xr 1 / /.. xN / (u,.. ,.x'-v' + e(x")D9(x")\v"] , „ 

The Jacobian can be computed as the determinant of a nilpotent perturbation of a 
diagonal Unear map to be 



jac$(x)=^(C(x)riUc(x))+^W(C(x))l^ 



C(^) 



(^(C(x)ri(^(C(x))(l - i^) + (^(i)(C(x))C(x) +^(C(x)))i^ 



Since for every s > 0, 

and since there exists ci > such that for every s > 0, 

s 



we have 



Jac.(.)>.(C(.)/(l-i^)>^(l 



If Ix'l < 6'(x"), then C{x) > V^\x'\ and we get 

C3 



jac$(a:;) > 



C(:^) 



On the other hand, by direct inspection, for every a < 1, there exists a constant 
C4 > depending on a such that for every s > 0, 



Thus 



V'hs) + ^(s)>^. 



^-1 1^,^(1) r^r-r^Vr-r 'I -^^/.rr-r-T-'i'l^ l^'l > ^ 



jac$(x) > ^(C(x)ri(^(i)(C(x))C(x) +^(C(x)))-i^ > 



C(x)2 - C(x)^-i+" C(a;)2 ■ 
If Ix'l > 6'(a;"), then C{x) < V2\x'\ and we get 

iac<i>(a;) > ^, ., , , — . 

In both cases, we deduce that for every /3 < £ and for every x G M™ \ T, 

C7 



jac$(x) > 



C(x)/3 ■ 



Thus, by estimate (2.1) in the proof of property (iv) above, when x G {B\_ x 

|i?^$(2;)|<-^<-%(jac<I>(x))t. n 

The proof of Lemma 2.12 is complete. D 
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Proof of Proposition 2.10. Define $ to be the composition of the map <I>i given 
by Lemma 2.11 with any parameter k < -^ together with the map $2 given 
by Lemma 2.12; more precisely, $ = $1 o $2- By composition, the map $ is 
injective and Supp(f> C Q(i_„)„ x Q^^^ ■ Moreover, the choice of k implies that 
QU C -Bfi-p)^- Hence, 

By the chain rule for higher order derivatives and by the estimate of the derivatives 
of <I>i (Lemma 2.11, see property (iw)), 

i=\ \<tx<...<ti 
ti+---+t,=j 



<c.± 



^ \D'^<^2{x)\---\D''<^2{x)\ 



i=\ l<tl<...<ti ' 

The estimate for I?^$ is a consequence of the estimates of the derivatives of $2 
(see Lemma 2.12, property {iv)). The estimate for jac$ is a consequence of the 
estimate for jac$2 given by property (v) of Lemma 2.12 and the lower bound for 
jac$i given by property (v) of Lemma 2.11. D 

3. Proof of Theorem 5 

First observe that if u e W'''P{QY';N^'), then the restrictions to Q™ of the 
maps u^ e VF'=^P(Q7+27;^") defined for x e Q^j^^^ by u^{x) = w(x/(l + 27)) 
converge strongly to u in W'''P{Q'^; N""-) when 7 tends to 0. We can thus assume 
from the beginning that u G VK'^'^(Qi+27; -^")- We apply successively the opening, 
smoothing and thickening constructions to this map u. 

We divide the proof in four parts: 

Part 1. Construction of a map u\^ e W'''P{Q'[X^:R'') n C°^{Q'['_^^ \ Tf^' iW) such 
that for every j G {1, . . . , k}, 

,th 



r;^||Z?%--i?^u|U.(Qj, ) 



< sup V^\\T^,viD^u)-D^u\\LP(QY^ )+C2_^r]'\\D'u\\LP(^u:j^+Q^j, 



3 

' I^W IJ'UW Tiinim I /, - , 

i=l 



where W™ is a subskeleton of QY+^ and 71 is the dual skeleton oiUL 

Using the terminology presented in the Introduction, the subskeleton U^ will 
be chosen to be the set of all bad cubes together with the set of good cubes which 
intersect some bad cube. The precise choice ofU^ will be made in Part 3. 

Let /C™ be a cubication of QX+^ of radius < 77 < 7 and let U™ be a subskeleton 
of/C;". Let < /9< i; thus, 

2/977 ^ 7- 
Given £ e {0, . . . ,m — 1}, we begin by opening the map u in a neighborhood of UL 
More precisely, let $°p : M™ — > R™ be the smooth map given by Proposition 2.1 
and consider the map 
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In particular, u°p G W''^P{QY\2-y; N") and u°p = u in the complement of C/^ + Q^^^. 
For every j G {1, . . . , fc}, 

j 



(3.1 



We next consider a smooth function ip,f G C'°°((3"^27) ''^^^^^ ^^^^t 



< V»j < P??- 



Given a moUifier ip G C^(i3™), let for every x G Qy!^^_|_p^, 



Since < V'r; < P^, the map m^™ : (5^"^„^„„ -^ R" is well-defined and is smooth. If 



\\Di'v\\L^{QT+2^,) </3 



for some /3 < 1 and if for every i G {2, . . . , fc}, 



^il^Vr,|U~(Q™,^) <?7, 



then by Proposition 2.7 with a; = Qi+^y, we have for every j G {1, . . . , fc}, 

< sup r;-'||T^^.p^^i°P)-i?^u°P|U.(Q^ )+C2^rylDXP|lLp(A), 
where A ~ [j B™; /^^(x). For every v G i?"', 

and, by the change of variable formula, 
If we further assume that 



suppDipriC U^, 



then since tprj < pij, we have A C t/™ + Q™- By Proposition 2.1, we then have 
j j j 

Thus, for every j G {1, . . . , fc}, 

(3.2) ,?^||i?^<>-i?-'^.°P|U.(Q™_^) 



< sup r^mr^^AD^u) - D^uhpiQY^.) + C5Y,v'\\D'u\\lp(u:^ 



+Q"p^) 
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Given < p < p, we apply thickening to the map u™ in a neighborhood of U!z 
of size prj. More precisely, denote by $"^ : M™ — > M™ the smooth map given by 
Proposition 2.8 with the parameter p and let 

Then, u^j^ — m™ in the complement of C/™ + Q™ . Assuming in addition that 



£+l> kp, 



then by CoroUary 2.9, u^^ e T4^*='P(i\:^; M'^) and for every j G {1, . . . , fc}. 

Thus, by Proposition 2.7 and by Proposition 2.1, 
(3.3) *=' 



<C8^77l^'«llL.(t/™ 



+QJiJ- 



By the triangle inequality, we deduce from (3.1), (3.2) and (3.3) that for every 

je{l,...,fc}. 



j 
< sup rt'llr^^viD^u) - D^u\\l„^q^ ) + C'^'n'\\D'u\\LPi^u^+Q^ ). 

This gives the estimate we claimed since if™ — Qi+^. We observe that u^^ is 
smooth except on (C/™ + Q™ ) n T^ where T^ is the dual skeleton corresponding 
to the cubication /C™. D 

The map u*'' need not have its values on the manifold TV" , so we need to estimate 
the distance between the image of u^ and TV". 

Part 2. The directed Hausdorff distance from the image of the map u^ to the 
manifold TV" satisfies the estimate 

Di,t^.{ul\K:;^\T^')) 

( c 



s^P ^ / / l«°P(y)-"°'^(^)|dydzj, 



x&m+Q^„ \Q 



" -" QT(x)QTix) 



where £™ is a subskeleton of Z^™ , and this estimate implies that for every 77 > 
sufficiently small, the image of u^ is contained in a small tubular neighborhood of 

AT". 
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The subskeleton £1" will be chosen in Part 3 as the set of bad cubes and /C™ \£™ 
will be the set of good cubes. 

We first observe that by Proposition 2.8 (m), $'h(^m \^ (^r y ^m)) c if;;' \ C/^" 
while by Proposition 2.8 {in), $'^([7™ \T'^') czU^ + Q^^. Hence, 

-^'\K- \ Tf ) c (K^- \ u:^) u (L/^ + q;;)- 

Given a set S* C M", we denote by Distjyn (5) the directed Hausdorff distance from 
S to A^", 

DistAr„ (S*) = sup { dist (x, A^") : X e S*}. 

With this notation we have 

DistAT^ (^h(i^™ \ T^ )) < DistAr„ ((u7((if;;' \ L/,") U (C/,^ + 0^,)) 

Since the image of the map u°^ obtained by opening u is contained in A^" (see 
Lemma 2.3), for every x G K^ we have 

dist K-(x),iV") < — ^ / |z.^-(x) - u°P(^)| dz. 
On the other hand, since w™ is the convolution of m°p with a mollifier, 

K-(X)-<P(Z)|<-^ I ^(^)|,op(y)_^op(^)|dy 






Thus, 



(3.4) dist«-(x),A^")<^;^ I j |z.°P(y)-u°P(z)|dydz. 

Since A^" is a compact subset of R"^, u is bounded. By the Gagliardo-Nirenberg 
interpolation inequality (see [8,16]), Du E L''^' {QY\2'y) ■ By the Poincare-Wirtinger 
inequality, 

iOJj^ / / l<'(.)-»r(=)|d!,d,<-^-J|^||Z,m„.«.,„,.,, 

Since V,, < PV, if cr" e /C™ is such that x e cr™, then (3"^(:r)(2;) C cr™ + Q™. 
Hence, 

dist(«^-(x),A^") < --^-^||i?^°P||^.,(Q (,„ 

Thus, by Addendum 1 to Proposition 2.1, 

dist(«^-(x),A^") < .%^j Du\\L..i.^+Q^^^). 
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We rewrite this estimate for every x E K™ as 

(3.5) dist «>(.), TV") < {^-^)^-'-^\\DuU..^^^^Q^^^y 

lixe [U^ + Q;J;) n t/;", then X e cr" for some cube cr" G U;;\ If 



ipvi^) < (p- P)V, 



then Q™ (a;)!^) ^ C/f + Q!JI. By Addendum 2 to Proposition 2.1, we have 



Q^ , Ax) Q^ . Ax) 






Therefore, 



dist«-(x),7V") < (V-,(x))i-^-^||i^u|L..(,™+Q„ 

Tj kp 



We rewrite this estimate for every x E {U'L + Q™) n t/™ as 

(3.6) dist(«7(x),7V«) < (tMV-^^ _^\\Du\\,.p^^^^Q^y 

We now describe the function -0^ that we shall take. Given two parameters 
< s < t and given a function C, € C°° ((35^27)' ^^ define 

V'^ = tC + 5(1-0- 

More precisely, let f™ be a subskeleton of U"'- such that 



^™ C int L/^ 



in the relative topology of Q5^^. Since dist (E"™, K"^ \ t/™) > 77, we take a function 
C e C°^{K'^) such that 

(i) < C < 1 in if^, 

(*i) c - 1 in i^;;^ \ L/;", 

[iii) C = in S;;", 

(iw) for every j e {1, . . . , fc}, Jy-* ||£'-'CI|l°° < C", for some constant C > depending 
only on to. 

Thus, suppI?V?) C C/™ and 

In order to apply Proposition 2.7 and to have ipn l£ {p ^ p)^^ ^6 choose 



i = min|-j-,p-p|?7. 



for some fixed number < k < 1. 

Since V'r; = ^ in K"^ \ U™ and t > crj for some constant c > independent of 77, 
we have from (3.5), 

Dist^. «x^;" \ t^r)) < r^„ ^ii^"iu^.(.'"+Qr..)- 
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Since i/^jj = s in _E™, we have from (3.4), 

DistA.. (^.7((L/,^ + o;;)ni?;" 



^ ^^P ^ / / \u°^iy)-u°^z)\dydz. 






Finally, if 



< kp, 



then by (3.6) and by the estimate "^ <t — 6*777, we get 



4'v(x) 



n 



Ch 



Dist^„ (<r((^.' + Q7v) n (c/r \ i?;-)) < max ^L^iii?^,ii^.,(^„ ). 

Since we have already required that ^ + 1 > fcp, we are thus led to take 



I = [kp\ . 



We deduce that 

,th 



Dist^. «(if™ \ T^ )) 

f C" 

< max< max — j;;^ — tII-DmII rfcp/^™ 10™ ~i: 



sup ^ / / K{y)-<r{z)\Aydz 



V ^ PV r^^ I \ r^^ I X 

Qr(a:)Qr(^) 



This gives the estimate we claimed. 

The nearest point projection 11 onto N^ is well-defined and smooth on a tubular 
neighborhood of A^" of radius i > 0. We now choose the subskeleton £™ used in 
the definition of C, and f/')) as the set of cubes ct™ G /C™ such that 

C" 



Thus, 

C „ „ 
„ max ^rTll^«IU'=p(a'-+Q5;,) < i- 

We then take the subskeleton Z^™ used in the constructions of opening and 
thickening as the the set of cubes ct™ G /C™ which intersect some cube in £™; in 
particular int_E™ C ?7™ in the relative topology of (57+7- 

In view of the uniform limit of Addendum 2 to Proposition 2.1, since € < kp, for 
every s > small enough, 

sup ^St / / KP(2;)-<P(^)|dydz<i. 

^ -^ Q™(:e)Q™(x) 

We conclude that u^{K™ \ T^ ) is contained in a tubular neighborhood of iV" of 
radius t. D 

Part 3. The maps 11 o m*^ converge to u in W'''P{Q™; TV") as ry tends to 0. 
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Using the estimate from Part 1, we show that for every j G {1, . . . , fe}, 

By continuity of the translation operator in L^ (see the remark following Proposi- 
tion 2.6), 

(3.7) lim sup 1 1 T^ „(£>%) - D^Hipfg™ j = 0. 

We now need to show that 

lhn^^-^||i^HU.(^^™+Qj.^)=0. 

i—l 

By the Gagliardo-Nirenberg interpolation inequality, for every iG {l,...,fc— 1}, 
D'^u G L~i~ {Q'^_^2-y) ■ By Holder's inequality, for every i G {1, . . . ,k} we have 

From this estimate, we need that |[/™ + Q^„| — 0{rf'P) as ry ^ 0. We observe 
that I C/™ + Q^p„ I satisfies the following estimate in terms of the number of elements 
#Z^™ of the subskeleton Z^™, 

\K' + Q'iU\ < 2"(r, + 2p,7)"(#Z^,") - Cir;™(#W,"). 

Note that for every cube cr" G Z^^, if t" G 5^ intersects a"", then r" + Q^^ C 
a™ + Q^i+p)^. Denoting (t" by 0;"(a), we have r™ + Q^^^ C Q^^(a), where 
a = 3 + 2p, whence 

T" + Qrp,cQ™(a)nQr+2,- 

By the definition of ^r^, 

Thus, for every Q^^^ia) G Z^™, 

1 < -^ / IDul'^P. 

Since the cubes Q™ (a) intersect each other finitely many times and the number of 
overlaps only depend on a and on the dimension m. 

'5"(")^""QS\,(")nQr+2^ Qr+2^ 

We deduce that 



This means that 






lim sup -i — - — ; ^-^ < oo. 
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Hence, by Lebesgue's dominated convergence theorem, 

lim||i:>*u|| fc£ =0. 

In view of (3.7) and the estimate from Part 1, we have \iui\\D^u^}^ — D^u\\i^p(^Qm -, = 



RecaU that u' — u™ in the complement of U^+Q"t. Since u™ ^ u in measure 
and |t/™ + Q™ I ^ as 77 ^ 0, u^^ -^ u in measure as 77 — > 0. Hence, u^ converges 
to u in LP{Qf_^^) and 



hm||M^ -"llw'=.p(Qr+,) = 0- 



Therefore, 



hmllHoM^ — u II wfc.p CO™ "1=0 



n ^ "llM"=.p(Q5"+ ) 



This gives the conclusion of this part. D 

Part 4. The map U o u^j" belongs to the class Rt* (Q™; N"). 

It suffices to prove the pointwise estimates of D^ {H o m'*^). Since H o u*^ = 
(n o u™) o <I>*^ and the map H o u™ is smooth in K™, by the chain rule for higher 
order derivatives, 

j 

\D^iiouf)\<C5j2 J2 |£''(nou™)||D"i$*h|---|i:i"-$*h| 

i—l l<ai<...<ai 

aiH hai=J 

J 

i—l l<ai<...<ai 
ai-l \"ai=j 

By Proposition 2.8 (iv), we have for x E K"'- \ T^ , 



< 



(dist(x,rf))"^ (dist(cc,rf))' 

H hai=j 



i—l l<ai<...<ai 



{dist {x,T^')y 
This concludes the proof of the theorem. D 

4. Tools for the proof of Theorem 4 

4.1. Continuous extension property. From Theorem 5 we have been able to 
approximate a map by another map which is smooth except on a dual skeleton of 
dimension [fcpj * . We would like to modify our approximation near this singular set 
in order to obtain a smooth map. An important tool will be the following: 

Proposition 4.1. Let /C™ be a skeleton of radius rj > 0, £ E {0, . . . ,m — 1}, 
T^' be the dual skeleton of K.^ and let u E C°"{K"^ \ r'^*;7V"). // there exists 
f E C^{K"^]N'^) such that f\xi ~ iAj^i, then for every < /i < 1, there exists 
V E C°°{K"';N'') such that v ^ u on K"^ \ {T^' + Q"^^). 

In the proof of Proposition 4.1, we shall rely on the fact that K^ is a homotopy 
retract of K"^ \ T^ , that is, there exists a continuous retraction of K"'- \ T^ onto 
K^ which is homotopic to the identity map in X™ \ T^ : 
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Fact 4.1. There exists a continuous homotopy Hi : [0, 1] x (_ft''"\T^') -^ K'^\T^'' 
such that 

(i) for every x G X" \ T^' , He{0, x) = x, 
{ii) for every xeK"^\T'^' , He{l,x) e K^ , 
(Hi) for every x G K^ , Hi{l, x) ~ x. 

Proof of Proposition J^.l. Given < ^ < (5 < (5 < /i, let (/3 : K'"^ -^ [0,1] be a 
continuous function such that 

- for every x G isT" \ (T^* + Q'-l]^), Lp{x) = 0, 

- for every x G d{T'^' + Q^;',), if{x) = 1. 

- for every x G T^* + Q^, (p{x) = 0. 
We define w : K"' -^ N"- by 

'{uoHi){^ix),x) if X G X" \ (T^* + QT^) , 
wix) = <( (/o i7,)(^(x),a;) if X G (T^* + Q^-;) \ T^', 
/(x) ifxGT'^*. 

By properties (i) and (m) of Fact 4.1, w is well-defined and continuous on X™, and 
w — u on K"^ \ {T^ + Q^)- Let uJ : R™ — > R'' be a continuous extension of w. 
Given a moUifier ip G C'^{B'^), there exists a nonnegative function -0 G C°°{W^) 
such that for any t > 0, 

^ supple T^* + Q;r^, 

- -0 > in a neighborhood of T^ + Q^ , 

If the nearest point projection II onto iV" is well-defined and smooth on a tubular 
neighborhood of A^" of radius t > 0, then the map II o ((p^ * w) restricted to K"^ 
satisfies all the required properties. D 

The natural question that arises is whether a continuous extension of u\i(i> to 
K"^ exists. This property depends on the skeleton /C™ and on the manifold iV". 

Proposition 4.2. Let IC^ he a skeleton of radius 77 > and £ G {0, . . .,m — 1}. 
If K"^ is a cube and if Tri{N"') = {0}, then for every u G C^{K^;N^) there exists 
f G C0(X";7V") such that f\Ki == u. 

We will use the fact that it is always possible to find a continuous extension, 
regardless of iV", by losing one dimension. This property has been introduced as 
the £ extension property by Hang and Lin [12, Definition 2.3[. 

Proposition 4.3. Let /C™ be a skeleton of radius 77 > and £ G {0, . . . , to — 1}. 
If K"^ IS a cube, then for every u G C^ {K'^+^ ; N"") , there exists g G CO(is:";iV") 
such that g\xe = ulxn- 

In the proof of Proposition 4.3, we shall assume that if K™ is a cube, then the 
identity map on K^ is homotopic to a constant with respect to _ftr^+^: 

Fact 4.2. // K™ is a cube, then there exists a continuous homotopy Gg : [0, 1] x 
K^ -^ K'^+^ such that 

(i) for every x G K^ , Gi{0, x) — x, 
(ii) there exists a G K^ such that for every x G K^ , Gi{l, x) = a. 
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Proof of Proposition J^.3. Let (p : K"^ — > [0, 1] be a continuous function such that 

— for every x G K^, f{x) = 0, 

— for every x G T^ , (p(x) — 1. 

We define 5 : iC™ ^ TV" by 

fu{Gi{ip{x),H,{l,x))) \ixGK^\T'\ 
qix] = < 

\u{a) lixeT^ . 

where Hi : [0, 1] x K"" \ T^' -> iC™ \ T^* is the homotopy retraction of Fact 4.1. 
The map g is continuous and by property (Hi) of Fact 4.1 we have for every x € -K^, 
g{x) = u(x). n 

Proof of Proposition 4.2. Let u G C°(ii'^; iV"). Since 7r£(7V") = {0}, for every 
a^^^ G /C^^"'^, the restriction u\Q^f.+i has a continuous extension Ug.i+i to <t^^^. Let 
w : iir^+-'^ ^ A^" be the map defined for every x G K^^^ by ^(a;) = u^i+i{x), where 
CT^+^ G /C^+^ is such that x G a^^^ . The map w is well-defined and continuous; 
moreover, u|^£ = u. By Proposition 4.3 applied to v, there exists / : K™ — )■ N"^ 
such that /Ix' = ^Ik*; hence / is a continuous extension of u to K"^. D 

4.2. Shrinking. Given a map m G W'''^{K"^;'R'^) whose energy is controlled out- 
side a neighborhood of the dual skeleton T^ , we are going to construct for every 
T > a map u o $ whose energy will be controlled on the whole K"^ when r is small 
enough. This shrinking construction is very similar to the thickening construction. 
In both cases, the dimension of the dual skeleton T must satisfy £* < m — kp, 
or equivalently, I + 1 > kp. The main differences are that shrinking only acts in a 
neighborhood of the dual skeleton T^ and does not create singularities. Shrinking 
can be thought of as desingularized thickening and requires more careful estimates. 
As for thickening, we begin by constructing the diffeomorphism $ regardless of 
u: 

Proposition 4.4. Let £ e {0, . . . ,m - 1}, i] > 0, < ^ < ^, < t < ^, S"" be 
a cubication of K™ of radius rj and T^ be the dual skeleton of S^ . There exists a 
smooth map $ : M" -^ M" such that 

(i) $ is injective, 

{ii) for every cr™ G 5", $((7™) C cr", 

{Ui) Supp$ c T'' + Q^^^ and ^{T'' + Q^^J D T^' + Q^^, 

[iv) for every Q < 13 < £ -\- 1, for every j G N* and for every x G M™, 

{^ir]y-^\D^'S?{x)\ < C(jac$(a;))*, 

for some constant C > depending on ji, j and m, 
{v) for every Q < j3 < £ -\- 1, for every j G N* and for every x G ^^^{T^ + Q™), 

{pLi^y-^\D^<^{x)\ < C"rJ'(^-i)(jac$(x))*, 

for some constant C" > depending on l3, j and m. 

As a consequence of the estimates of Proposition 4.4, we have the following M^'^'P 
estimates that will be applied in the proof of Theorem 4 with £ ~ lkp\ . 
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Corollary 4.5. Let $ : M™ -^ M™ he the map given by Proposition 4-4 o,^d let 
/C" be a subskeleton of S"" . If (. + I > kp, then for every u e W'''P(K"' D {T'^' + 
Q™p„);IK''); uo>^eW^-P{K"'r\{T'^' +Q"^„);K") and for every j e {l,...,fc}, 

3 

1=1 

j 

for some constant C" > depending on m, k and p. 

Proof. We first establish the estimate for a map u in C^iK"" D (T^' + Q"^^);!^"). 
By the chain rule for higher-order derivatives, for every j G {1, . . . , fc} and for every 

i 

i=l l<ti<...<ti 

ti+---+ti=j 



As in the proof of Corollary 2.9, if 1 < ti < . . . < tj and ti + ■ ■ ■ +ti — j, then 



for every x e K"' n (T^* + Q. 



^ti^^^wp inti^^^MP / ^ J^'^*^^) 



|L'*i$(x)|P---|L>*-$(x)|P<C2 = 



and this implies 

3 

77J>|i:>^'(uo$)(x)|P < C3^r/*P|i:'^u($(a;))|Pjac$(a;). 

i=l 

Let (7™ e /C™. Since $ is injective, by the change of variable formula, 

j 



<C3^ J {^irJyP\{D'u)o<P\Piac^ 

*=i*-i(^-n(T^-+QS;j\(T^*+Q™)) 

<C3^ I (A^r^rii^^^r. 



*-l^™n(T^*+Q" )\(T^-+Q-) 



Let 0</3<£+l. Ifl<ti<...<ti and ii H Vt^^ j, then by property {v) 

of Proposition 4.4 we have for every x e <^^^(K'^ n (T^' + Q™^)), 

\D^^<^{x)\P---\D^^^{x)\P 






t,p(l+i_i)_(jac$(x))_^ t,j,(^_i)_(jac$(x)) 
- * (Air/)(*i-i)P (^,7)(*.-i)p 
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Taking /3 = jp, we have 

iD'^HxW ■ ■ ■ |i^*-$(x)r < C',r'^'~''j^^ 
and this imphes 

3 
i=l 

Since $ is injective, by the change of variable formula, 



^-ler-nlT^'+Q™)) 



<T"n(T«*+Q5),J 



3 

< .^'^ 

i=l 



= C^t^+^-^pY^ I {^lr|YP\D'u\P. 

Since cr™ n (T^* + gj;,^) C $-1 (cr™ n (T^* + g'2';,^)) , by additivity of the integral 
we then have 

/ {^l'qyP\D^{uo'^)\P 

Cziz J imyiD'uip 

;t^*+Q5;j\(t^*+q-) 

+ C5t'+^-^pY, I {mr\D'u\p. 

'=i<T"n(T^-+Q;s,) 

We may take the union over all faces cr™ e /C™ and we deduce the estimate for 
smooth maps. By density of smooth maps in W^'P{K"^ n (T^' + Q^^);]R''), we 
deduce that for every u in iy'='P(X™ n (T^* + Q^^); K'^), the function u o $ also 
belongs to this space and satisfies the estimate above. D 

We first describe the construction of the map $ in the case of only one t dimen- 
sional cube. 

Proposition 4.6. Let £ e {1, . . . , m}, r] > Q, Q < jjl < jjl <Ji < I and < r < jj,/ ji. 
There exists a smooth function A : K™ -^ [l,oo) such that if $ : K™ — >■ R™ is 
defined for x ^ {x' , x") G R^ x M"-^ &?/ 

$(x) = (A(x)x',x"), 

(i) $ is injective, 
(m) Supp$cO^^,xQ™:^)^, 
(^^z) $(Q^,, X Q^'-^,J D Q^, x Q^'-^,^, 
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{iv) for every < l3 < £, for every j G N* and for every x G M™, 

{y.r)y~^\D^^{x)\ < C(jac$(a;))*, 

for some constant C > depending on 13, j , m, ii/ ii and Jl/fi, 
(w) for every f3 > 0, for every j G N* and for every x G Q^p^n ^ QTi^Ti)n' 

{liTiy-^\D^<^{x)\ < C"r^'(|"^^(jac$(x))^ 
for some constant C" > depending on fi, j, m, jjl/jjl andjl/ii. 

We postpone the proof of Proposition 4.6 and we proceed to establish Proposi- 
tion 4.4. 

Proof of Proposition 4-4- We first introduce finite sequences {fii)i<i<m and {i'i)i<i<m 
such that 

0<flt=fl< Vt+i < ^£+1 < . . . < ^m-l < v„i < ^„i < 2fJ.. 

Let $„i — Id. Using downward induction, we shall define maps $i : R™ -^ R™ 
for i G {^, . . . , TO — 1} such that $i satisfies the following properties: 

(a) $i is injective, 

(b) for every cr" G 5™, $j(cr™) C ct™, 

(c) Supp$,cr'*+g'2%, 

(d) for every r G {t* , . . . , m - 1}, $,(r'- + g™ J D T'' + Q^J,^, 

(e) <i>.(T**+Q;"jDr^*+Q;r,,, 

(f) for every < /3 < z + 1, for every j G N* and for every x G M™, 

(H-''-i|i?^$,(x)|<C(jac$,(x))*, 

for some constant C > depending on /3, j, and to., 

(g) for every < (3 < i + 1, for every j G N* and for every x G $~^(T* + Q!!^.„), 

(Ai77)-'"-i|Z?^$,(a;)| < C'T^'('*^-i)(jac$,(x))*, 

for some constant C" > depending on /?, j, and m. 
The map $^ will satisfy the conclusion of the proposition. 

Let z G {^+ 1, . . . , TO,} and let Oi be the map obtained from Proposition 4.6 with 
parameters £ = i, ji = /ii^i, ^ ~ Vi,'p = ^i and ^. Given cr* € 5*, we may identify 
a' with Q; X {0™-*} and T^^-^)' n {a^ + 0^^)'with {0*} x g^-\ The map 6^ 
induces by isometry a map which we shall denote by Q^i . 

Let *, : R" -^ R" be defined for every x G M™ by 

^ ^ ^ \QAx) if .X G a* + Q7J_, ^„ for some a' G 5% 
I X otherwise. 

We explain why ^^ is well-defined. Since Q^i coincides with the identity map on 
d<^' + QTi-u^yn^ t^en for every a\,al G S\ if x G {ct\ + g^_,^),,) n (a| + gfi^,^)„) 
and 0-5. 7^ o'2! then 

One also verifies that ^^ is smooth. 

Assuming that $i has been defined satisfying properties (a)-(g), we let 

$j_i =*, 0$,. 
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We check that <i>i_i satisfies all required properties. Up to an exchange of coor- 
dinates, for every cr* €5*, we may assume that a'^ — Q'L x {O'"^*} and Q„i can be 
written as Q„i{x) = (A(x)x',x"), with A(x) > 1. Hence, for every < s < 1 and 
every r G {0, . . . , to — 1}, 

(4.1) ^^{r + QT,)^T^ + Q7,■ 

Moreover, in the new coordinates, the set 

(4.2) {<y^ X Q';;-^) n ((t^^-d* + q;;^) \ (r* + q™^)) 

becomes 

(4-3) OU X 0^:;^)^. 

In view of properties (i) and (iii) of Proposition 4.6, 
Since this property holds for every a^ G 5*, 

(4.4) *,((r(^-i)* + q;;^) \ (r* + q^^^)) d (T^^-^r + q™_^^) \ (r* + q;^.,)- 

Proof of Property (d). Let r G {(i — 1)*, . . . , to, — 1}. By induction hypothesis and 
by equation (4.1) with s ~ tjjl, 

Proof of Property (e). By induction hypothesis (properties (d) and (e)), 

<i>.(T(^-i)* + Qr^^) D (T(^-i)* + Q™ ^) u (r* + o;"^,). 

Thus, 

$,_i(r(^-i)* + Q™ ^) D vi/^(r(^-i)* + 0™ ,,) u ^,{T + Q;r,,). 

By inclusion (4.4) and by inclusion (4.1) with r ~ i* and s — fii, 

$,_i(T(*-i)* + g™ ,,) D ((T(*-i)* + q;i^^) \ (r* + q;]^)) u (r* + g;%) 

— 7^(4-1)* I (Om 

This gives the conclusion. D 

Proof of Property (g). Let j G N* and < /3 < i. By the chain rule for higher 
order derivatives, we have for every x G R™, 

3 
\D^^,-lix)\<CiJ2 E \D''^^i^i^ix))\\D''Mx)\■■■\D'''^,ix)\. 

r=l l<ti<...<t^ 

Let X G $^\(T(*^^' + Q!7i_iri)- -By induction hypothesis (property (f)), for every 
r G {1, . . . , j}, if 1 < ^1 < • . • < ^r and ti + ■ ■ ■ + tr = j, then 

If in addition x G $-_\ ((T(*-i)*+g;7_^^)\(T*'+0™„)), then $,(a;) G *,^i((r(*-i)* + 
g™_ ) \ (r* + Qn^n)) . By the correspondence between the sets given by (4.2) and 
(4.3), by inclusion (4.4), and by property (v) of Proposition 4.6, we have for every 
< q; < i, 

,. ,, (iac^&jf^ifx))) ° 
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Take a — f3^. Since r < j and t < 1, we get 

Thus, for every x G $-_\((r(»-i)- + Q™_^^) \ (T^* + g;"^,,)), 



? 



On the other hand, if x e $,^_\(T»* + Q^^^^), then $^(0;) e *7^(T^* + Q™^). By 
inclusion (4.1) with r = i* and s = fii, $i(x) G T* +Q7^.„- By induction hypothesis 
(property (g)), we deduce that for every r G {1, • • • ,j}, if 1 < ii < . . . < ir and 
ii + • • • + ir = j, then 

|Z^*^$.(x)|...|I)*^$.(x)|<C.r^(^-)(J^|i^. 
By property (iw) of Proposition 4.6, 

|i^^*.(<l>.(.))|<Ce(l^£|jP^. 
We deduce as above that 

|i^^$._,(.)|<C.r^-(^-)(^^!l%Mi. 

[my 

This gives the conclusion. D 

The other properties can be checked as in the proof of Proposition 2.8. 
By downward induction, we conclude that properties (a)-(g) hold for every i G 
{i, . . . ,m — 1}. In particular, we deduce properties (i)-(w) of Proposition 4.6. D 

We need a couple of lemmas in order to prove Proposition 4.6: 

Lemma 4.7. Let -q > {), let {) < ji < ji < Ji < 1 and < k < n/ H- There 
exists a smooth function A : M™ — > [1, 00) such that if $ : M™ — > R™ is defined for 
x= (x',x") G R^ X M™-^ &2/ 

$(x) = (A(a;)x',a;"), 
i/ien 
(i) $ is a diffeomorphism, 
(m) Supp$cQ^^,xQ™:;;)^, 
(z^^) $(gi,, X Q™4)J D Q^, x Q^'J^^^, 
(iv) for every j G N* and for every x G R™, 

(Ai?7)^-i|i:»J$(x)| <C, 

for some constant C > depending on j , m, j-i/ j-i, Ji/ fJ- and k, 
(v) for every j G N* and every x G R™, 

C" <jac$(x) <C", 

/or soTne constants C", C" > depending on m, fi/fi, ]!/ 1^- and k. 
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Proof. By scaling, we may assume that fi-q = 1. Let ^ : M ^ [0, 1] be a smooth 
function such that 

- the function ijj is nonincreasing on IR+ and nondecreasing on M_ , 

- for |i| < m/a^, ^(t) = 1, 

- for \t\ > 1, ^{t) = 0. 

Let : M ^ [0, 1] be a smooth function such that 
_ for |t| < i^, e{t) = 1, 

- for |t| > ^, 0{t) =0. 

Since -^^ ^^ = Jll n — 1, we may require that for every j G N* and for every 

t > 0, \D^9{t)\ < C\ for some constant C > depending only on j and Jl/fi. 
Let (p : M™ ^ K be the function defined for x = {xi, . . . , Xm) G K-™ by 

£ m 

^{x) = n Hx^) n s{^^)■ 

Let * : R" ^ M™ be the function defined for x = {x/ , x") e M^ x R"-^ by 

*(x) = {{l-a(p{x))x',x"), 
where a G M. In particular, for every x — {x',x") G Q^ / x Q™J^^, *(x) = 

— M 

((1 — a)x' ,x"). Taking a = 1 — ■^, we deduce that ^ is a bijection between 
Qfj, X Q™_^^ and Q^ x Q^Z^ ■ As in Lemma 2.11 we can prove that $ = vp-i 
satisfies the required properties. D 

Lemma 4.8. Let £ £ {1, . . . , m}, r]>0,0<^<^<JI<l and < r < fi/n- 
There exists a smooth function A : R™ -^ [l,oo) such that if $ : R™ — >■ R™ is 
rfe/^nerf for x = (x', x") G R^ x R"-^ by 

$(x) = (A(x)x',x"), 

(i) $ is injective, 
{iz) Supp$cO^^,xQ™:^)^, 

(iw) /or every Q < j3 < £, for every j G N* and for every x G R™, 

(Mr/)^'"^!^^*!^)! < C(jac$(a;))*, 

/or some constant C > depending on /?, j, ?n, /i//i and /I/m? 
(u) /or every /3 > 0, for every j G N* and for every x G B!j. x Q^I--, , 

{nr]y-^\D'^{x)\ < C"T^(^~^'(jac$(x))*, 
/or some constant C" > depending on 13, j, m, fi/fi andjl/ji. 

Proof. By scaling, we may assume that firj = 1. Given e > and b > 0, let 
if : (0, oo) — > [1, oo) be a smooth function such that 

- for < s < T^TTi, (p{s) = ^^/TTi (l + j^ 



for s > 1, ip(s) ~ 1, 

the function s G (0, oo) h- > sip{s) is increasing. 
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Note that such function ip exists if we take e > such that 



and thus t^/1 + e < 1 and if we take b > such that 

b 



{fi/n)Vl + e(l + 



In- 



< 1. 



(/£/Ai)VT+e 

Let 9 : M™^^ -^ [0, 1] be a smooth function such that 

- for y e Q"0, 6{y) = 0, 

- for y e R"-^ \ QT^^ e{y) = 1. 

We now introduce for x — {x',x") G M'^ x M™^^, 

C(x) = ^\x'\^+e{x"f +eT^. 

Let A : R" ^ R be the function defined for a; e R™ by 

Xix) = ^(C(x)). 

As in the proof of Lemma 2.12, one may check that the map $ defined in the 
statement satisfies aU the required properties: 

Proof of statement [Hi). Let x e B^n/u ^ *3™-m • ^'-"" every s > 0, 

$(sx', x") — f s(f{ys'^\x'\'^ + eT2)a;', a;" J . 
Consider the function h : [0,oo) ^ M defined by 



Then, assuming that x' ^ Q. 

^{sx',x")^{h{s\x'\)^^,x"). 

We have ft,(0) = and ft,(r) > /i//i > |a:;'|. By the Intermediate value theorem, there 
exists t G (0,t) such that hit) = b'l. Thus, ij^r e B^ and <^{t-rn,x") = x. D 

Proof of statement {v). Proceeding as in the proof of Lemma 2.12, one gets for 
every x&B{x W^-\ 

\D^H:c)\ < ^. 
Since C(x) > r^/e, we deduce that 

\D=^x)\<j^<^. 
On the other hand, 

jac ^x) = p{C{x)f-' (^(C(x)) (l - i^) + (^(1) (C(x))C(x) + ^(C(a;))) M 
Since for every s > 0, (p^^-'(s)s + ip{s) > 0, we have 



jac$(a:)>^(C(x)/(l-i|L) 



.'12 . ^3 



> -tPtt l- 



C(x)2y-c(x)n cw 
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If .T e B^ X QT^^ then C{x) < r^/TTe and ((x)^ > (1 + e)\x'\^. Thus, 

JIT / \ ^3 ^ ^4 

Combining the estimates of |£'-'$| and jac$, we have the conclusion. D 

In order to estabhsh the remaining properties stated in Lemma 4.8, we only need 
to repeat the proof of Lemma 2.12 with obvious modifications. D 

Proof of Proposition 4-6. Define $ to be the composition of the map $i given by 
Lemma 4.7 with k = -=^ together with the map $2 given by Lemma 4.8; more 
precisely, $ — $1 o $2- The propeties of $ can be established as in the case of 
thickening. D 

5. Proof of Theorem 4 

Let /C™ be a cubication of Q™ of radius 77 > and let T^ be the dual skeleton 
with respect to /C^ for some i G {0, . . . , to — 1}. 

Claim. Let v e C°°{K"^ \ T^'^N"") n W'''P{K"';N"'). If 7r£(7V") = {0} and if 
£* < m — kp, then there exists a family of smooth maps vf^ : K™ — > N'^ such 



This claim is a removable singularity property of topological nature for W'^'P 
maps. Theorem 4 follows from Theorem 5 and this claim. Indeed, by Theorem 5 
the class of maps v in the claim is dense in W'''P{K™';N'^) when £ = [fcpj. Since 
the maps vf^ are smooth and converge to v in W'''^, we deduce that smooth maps 
are dense in VF'=^P(ii'™; TV"). 

Proof of the Claim. Assuming that Tri{N") — {0}, we can modify w in a neigh- 
borhood of T^ in order to obtain a smooth map v'!^ : K"'- -^ iV". More pre- 
cisely, for every < y^ < 1, by Proposition 4.1 and Proposition 4.2, there exists 

^ex g C-oo^^m. ^n) g^^j^ ^^^^^ ^ex = y [^ K"" \ (T^' + Q)^^). 

Although V and v°J^ coincide in a large set, ||w^'^||^fc,p(^7T.-) can be much larger 
than |jw||vF''.p(i<'"») since the extension is of topological nature and does not take 
into account the values of w in a neighborhood of T^ . In order to get a better 
extension of w, we have to shrink T^ + Q™ into a smaller neighborhood of T^ . 

Assume that ^i < \ and take < r < i. Let ^f^^ : M™ -^ R™ be the smooth 
diffeomorphism given by Proposition 4.4. Define 

Sh ^ /ox ^Sh N 

In particular vf^^ € C'^iK"'; A^"). 

Since vf^ = u in the complement of T^ + Q^arj^ for every j E N*, 

li £* < TO, — fcp, or equivalently if £ + 1 > fcp, then by Corollary 4.5 we have for 
every j € {l,...,fc}, 
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J 



3 



i=l 

Since v^ = w in the complement of T^ + Q™ , we deduce that 

j 

< ^2 ^(M?7)l£'''c||LP(if™n(T**+QJ'^J) 

i 

i=l 

We show that 

3 

(5.1) lim ^(M^)*"^'ll£''«llLp(x™n(T^-+QS;j) == 0. 

^ i=i 

Since A^" is a compact subset of M'^ , v is bounded. By the Gaghardo-Nirenberg 

interpolation inequality, for every i E {1, . . . , fc — 1}, D^v E L~i~ {K"^). By Holder's 

inequality, for every i G {1, . . . , fc} we then have 

Since |if™ n (T^' + Q^^^)| < Cg^+i, the limit follows. 
For every < /i < ^, take < t^ < ^ such that 



(5.2) hmr^ ''^ ' E(H^-^'P^^'^'=||l.(k 



n(T^*+Q;S,)) 
1=1 



0. 



From (5.1) and (5.2), we deduce that for every j e {1, . . . , fc}, 

lim||i?X:,,-^-'«IUp(K™)=0. 

Since v^ „ converges in measure to w as /^ tends to 0, we then have 

lim IKj;,^ - v\\wk,pf^K"^^ =0. 
This establishes the claim. D 

6. Concluding remarks 

6.1. Other domains. Our proof can be adapted to more general domains fl C M™. 
In order to apply the extension argument at the beginning of the proof of Theorem 5, 
it suffices that fl is starshaped. 

Concerning Theorem 4, the crucial tool is the extension property of Proposi- 
tion 4.3. This can be enforced by assuming that 

7ro(r!) = ...=7rLfcpj_i(0) = {0}. 
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This contains in particular the case where fl is starshaped. Another option is to 
require that for some CW-complex structure, H, has the [kp\ — 1 extension property 
with respect to N". More precisely, for every u ^ C'^{n ;Af"), the restriction 
ulni'^pi-^ "^f ^ to the skeleton of fl of dimension \_kp\ — 1 has a continuous extension 
to fl. It can be showed that this property does not depend on the CW-complex 
structure of H. (see remark following [12, Definition 2.3]). 

6.2. Complete manifolds. Our argument also works for complete manifolds N" 
that are embedded in R'^ and for which there exists a projection 11 defined on 
a uniform neighborhood of size l around iV". The compactness of iV" ensures 
the Gagliardo-Nirenberg interpolation inequality that for every iG{l,...,fc-— 1}, 
D'^u € L~i'{Q^). This inequality still holds if the assumption u E L°° is replaced 
by M e W^'^'P . In this case, one proves that if TTykp\(N^) = {0}, then for every u G 

y^k^pf^Qrn. ^«) p ^^lMp(^Qrn. ^«)^ ^j^g^.^ g^jg^-g ^ fg^j^jjy ^f ^^^^ ^^^ ^ C°°{QX'; /^") 

such that for every i £ {1, . . . , fc}, 

lim||i:>*u„-i:>*u|l kj, =0 

and u,^ converges to u in measure as 77 tends to 0. Hence, 

lim||M^ - M||H"=.p(Q™)nwi.'=p(Q!|") = 
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